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Abstract

Conditions and classes of examples of variance mixture of normals are
given, along with a constructive proof on how to guarantee that a finite
variance mixtures of normals is uniformly close (up to a desired tolerance
level) to a given infinite variance mixture distribution.

We wish to minimize the finite number of terms needed subject to a
specified desired tolerance level. The method, which is based on discretiz-
ing the mixing measure is presented and illustrated through an example
and the infinite and finite mixtures are displayed on the same graph. A
new method for estimating the parameters of a variance mixture of nor-
mals is also introduced. The new method is based on minimizing the
squared distance between the estimated density and the corresponding
density computed by discretizing the mixture over a predetermined grid
of R values and a grid of X values. This method looks promising especially
for modeling data.

Key words: Discretize, recursive, point masses, mixing measure, least squares,
unmix

1 Introduction

Necessary and sufficient conditions needed for a given distribution to be a vari-
ance mixture of normals are explored. These conditions and classes of examples
are given, along with a constructive proof on how to guarantee that a finite
mixture is uniformly close (up to a desired tolerance level) to a given infinite
mixture distribution.

The aim is to minimize the finite number of terms needed subject to the



desired tolerance level. The number of terms needed for this approximation
depends on the desired tolerance level and the mixing measure, 7. The mixing
measure may be continuous, however, a discrete version 7* of 7 is used in the ap-
proximation process as a means of simplification. Fujikoshi and Shimizu (1989)
and Shimizu(1995) proposed a method in which the conditional distribution of
the mixture given the mixing random variable (or the characteristic function)
is expanded using Talyor series and error bounds between the exact mixture
and the approximation were determined in terms of the L; —norm. Here, a new
method which is based on discretizing the mixing measure is presented and il-
lustrated through an example.

In section 2, we define Variance Mixture of Normals and give examples. In
section 3, a characterization theorem is presented and applied and some results
are derived. In section 4, we present and apply a new method for approximating
infinite variance mixture by finite variance mixture up to a specified tolerance
level. In section 5, we present a new method for estimating the mixing measure
based on given data along with a simulated example.

2 Variance Mixtures of Normals

We will say that a random variable X is a (generalized or infinite) variance
mixture of normals if

X2£AZ, where Z~ N(0,1), A>0, A and Z independent.

We exclude the possibility that A = 0 with positive probability, which would
make X have a point mass at the origin, so X would not have a density. Equiv-
alently, X has pdf

f() = / " p(elo)m(do), 1)

where ¢(z|o) is the Normal(0,0?) density and the mixing measure 7 is the
distribution of A.

The class of variance mixtures of normals is very large and contains some well
known distributions. The following examples are used through out the paper.
Finite mixtures If A takes on a finite number of values, say o1,...,0) with
respective probabilities mq,..., 7, then the density of X = AZ is

M
f(@) =3 dlaloy)m;.

A common case is when A takes on two values, with o1 < o9 and 7 > w9,
which is sometimes called a contaminated normal mixture.

Generalized t distributions Suppose that 1/4% has a Gamma(a, 3) distri-
bution. If we set the scale parameter § = 2/¢, then it is easy to see that the



density function of X = AZ is

k
(22 + ¢)ot1/2

flz) = —o0 <z < 00. (2)
In particular, when o = 1/2 and 8 = 2 then f(z) is the standard Cauchy. More
generally, when o = n/2 and 8 = 2/n, then f(x) is the ¢ density with n degrees
of freedom.

Exponential Power Family The exponential power family consists of all
distributions having densities of the form

f(z) =kexp(—|z®) € Rand b > 0

If < b <2, then f is a variance mixture of normals where the inverse of the
scale variable 1/A is stable variable. Two important special cases are the normal
(b = 2) and the Laplace or double-exponential (b = 1). See West (1987) and
Box and Tiao (1973). The case b > 2 cannot be a variance mixture of normals
as we will show in the next section.

There are many other classes of scale mixtures of normals. For example, it can
be easily shown that the class of symmetrized gamma distributions presented
by Feller (1971) and Rohatgi(1976) is scale mixtures of normals. Barndorff-
Nielesen, J. Kent, and M. Sorensen (1982), Andrews and Mallows (1974) and
Barndorff-Nielesen, J. Kent, and M. Sorensen(1982) showed that the logistic
distribution is a scale mixture of normals with the Kolmogorove distant statistic
as it’s mixing random variable. Samorodnitsky and Tagqu (1994) showed that
some of the symmetric stable distributions, are variance mixtures of normals
with mixing measure being stable distribution.

3 Characterization of Variance Mixtures of Nor-
mals

The following known result gives necessary and sufficient conditions for a distri-
bution to be a scale mixture of normals. A function h(z) on (0,00) is completely
monotone in z if it is infinitely differentiable and (—1)™h("™) (z) > 0 for all =
and all m = 1,2,.... Feller (1971), pg. 441 showes that the product of two
completely monotone functions is also completely monotone. Moreover, the
composition of a completely monotone function with a positive function that
has a completely monotone derivative is also completely monotone. Examples
of completely monotone functions are %, x+-1’ and exp(—z®) for 0 < a < 1.
Theorem 1 (Schoenberg (1938)) X with density f(z) is a variance mixture
of normals if and only if h(z) := f(y/z) is a completely monotone function.
Equivalently, X is a variance mixture of normals if and only if its characteristic
function oy is a real, even function such that ¢x (v/%) is completely monotone
on (0,00).



Example The previous theorem can be applied to the Exponential Power Fam-
ily to show b < 2 is necessary for variance mixture of normals. We need to find
the range of b such that h(z) := f(\/z) = kexp(—x?) is a completely monotonic
function, and hence f(z) = h(x?) is a variance mixture of normals. When 0
< b <2, h(z) is completely monotone by the second criterion of Feller (1971,
pg. 441) because exp(—x) is completely monotone and x5 has a completely
monotone derivative.

Now we want to show that when b > 2, h(x) cannot be completely monotone.
Since h(z) is an exponential function, it is infinitely differentiable on (0, c0) and
positive. Therefore, all that is needed is to ensure that (—1)™h(™)(z) > 0 for
m=1,2,.... Form =1, h'(z) = —%kw¥ exp(—z%). So, —h/(z) > 0 for b > 0.
For m =2,

b o bb—2 o
W'(z) = —593”7%'(9;)—5 . 22 h(z)
b ss (b b—2

- 57 (500 -5 ) b

For h(z) to be completely monotonic, we need (—1)% h'"(z) > 0, for all z > 0.
Letting z — 0% , we must have b < 2. This show that for b > 2, h(z) cannot
be completely monotone.

Theorem 1 can be applied to show that if Z; and Z> are independent variance
mixtures of normals then then Zy + Z5, Z1 Z5 and g—; are also variance mixtures
of normals.

4 Approximating Variance Mixtures of Normals

As above, when A takes on a finite number of values

M
f(@) =3 dlaloy)m;.

One can try to fit any data with such a mixture. Theorem 1 makes it clear that
the distribution must be “bell shaped.” ( f(y/z) is a completely monotone on
(0, 00) i.e infintely differentiable and the derivatives have alternative signs and
sicnse f(x) is symmetric, we can see that the density is ”bell shaped.”) When M,
the number of terms, is known, the EM algorithm Redner and Walker (1984),
and Lindsay (1995) can be used to estimate the parameters. If M is unknown,
then one typically tries different values of M and selects one based on some
selection criteria.

Here we consider a related question: suppose it is known that X is a mixture
of normals with known scale A having distribution m. If the density of X is
difficult to compute, then we might want to approximate it by a finite mixture.
Two practical questions are how many terms to take and what values of 7; and
o; should be chosen.
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Figure 1: ‘%‘ at fixed o as a function of x.

Although we can find the following results, Theorem 2, Lemma 1 and Lemma
2 in Hamdan and Nolan (2004), we present them and present the proof of
Theorem 2 for the purpose of completeness. Theorem 2 gives a constructive
way of determining these quantities (how many terms to take and what values
of m; and o; should be chosen) in a way that guarantees that the densities of X
and the finite mixture are uniformly close. Although this may not be an optimal
solution, it gives a concrete way of choosing the parameters in a setting that
generalizes readily to a larger class of mixtures and multidimensional problems.
First we consider the situation where the scale A is bounded away from zero
and infinity.
Lemma 1 If 01,09 € [a,00), then

|¢(z]o1) — p(x|oz)| <

1
———|o1 — 09| for all z € R.
V2ma?
Proof. )

See Figure 1, fixing o, |0¢(z|0) /00| = ‘” — ‘ ¢(z|o) is maximized at z = 0,

o2

where it takes value ¢(0|o)/o = 1/(v/2mo?), Hence
6(alon) — B(zlon)] < (max |96/00]) oy — 03] = o1 — ol /(VERa?).  m

Theorem 2 Suppose X = AZ where A is a positive random variable with
distribution m having support [a,b]. For any € > 0, there is a discrete distri-
bution with at most M = M(e, a,b) point masses 71, ..., Ty concentrated on
O1,...,0 in [a,b] which satisfies

M
sug f(z) —thi(a:|aj)7rj <e.
re ;

j=1
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Figure 2: Illustration of the a; sequence

Proof. We adapt the proof of Lemma 1 in Byczkowski, Nolan, and Rajput
(1993). Fix any € > 0, any 0 < a < b < co. Define recursively (see figure 2)

ap =a, aj=a; 1 +V2rai_e. (3)

The distances between the a;’s are strictly increasing, so there exists an M =
M (e, a,b) such that aspr > b.

The term \/ﬂaﬁfle has to do with the rate of change of ¢(z|o). Define
a disjoint cover of [a,b]: I} = [ag,az2], I = (as,a4], ..., [1 = (asp—2,b].
Set m; = w(I;) and 0; = min(asj_1,b), j = 1,...,M. Then ¢(z|o;)m; =
(4103 f;, w(do), so

M M
$) =Y oteloim| = | [ stelorrtao) =3 [ otalosyatio

M
= [ [ @lala)ostelo) nlao)

IN

M
> [ 16telo) - otela| atao)

The definition of the a;’s and Lemma 1 guarantee that if o € I;, then |¢(z|o) —
é(x|o;)| < e. Hence the last line above is < Z]Ail flj en(do) = em([a,b]) = € .
]
Note: the value of M depends only on a,b, and e through properties of the
normal densities ¢(z|o). It can be found by solving equation (3) recursively.
In general, A can take arbitrarily small values and arbitrarily large values.
In such a case, write

/0°° H(alo)n(do) =/an+/:<>+/b°°o. (4)

The following lemma shows that in all cases where f(0) is bounded, there exist
a,b such that the first and last integrals are less than ¢/3, while the middle
integral can be approximated using Theorem 2.
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Figure 3: The exact Cauchy (solid) and the approximated Cauchy (dashed)

Lemma 2 Let X = AZ be a scale mixture of normals, € > 0.

(a) If f(0) < oo, then there exists an a > 0 such that [ ¢(z|o)m(do) < € for all
reR

(b) There exists a b > 0 such that [, ¢(z|o)7(do) < € for all z € R.

Proof. See Hamdan and Nolan (2004). m

The generalized t distribution example is revisited. Here we study the case
a = % and 8 = 2, so that the marginal distribution is standard Cauchy. The
weight function is the square root of Inverted Gamma with parameters o and
B. In this case, the corresponding Gamma has a vertical asymptote at 0 and it
is decreasing on © = [a,b]. Therefore, to capture a reasonable weight of this
gamma function, a should be close to zero. To illustrate this point, if a = .01
and b = 6, we miss 8% of the total density. However, if a = .001 and b = 6, we
only miss 2%.

A comparison between the finite mixture density and the infinite mixture
(theoretical mixture), given by equation (2) is made for different combinations
of a, b, and €. In the following example, the difference between the actual density
and the approximated density was found based on the values of a, b, €, on a grid
of 101 equally spaced points. In particular, when a = .05,b = 50, and € = .03
then f* is very close to f (the average value for the relative distance between f
and f* is 2.6%) as illustrated in Figure 3.

Although, this approximation is very good overall, the number of compo-
nents needed (M = 31) is large. Moreover, the accuracy is not that good in the
tails, as can be seen in Figure 4. For example, average value for the relative
distance “Lf—fl between f and f* is around 5.8%.

Depending on the interval of interest, one can always improve this approx-
imation. For example; starting the discretization at smaller a always improves
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Figure 4: Before and after deleting the lowest 21 terms (Y is the density).

the approximation in the body or around x = 0 and ending the discretization
at larger b always improves the approximation on the tails. The only problem
that arises when we change the discretization limits, especially when a becomes
close to zero, is that M can increase dramatically. In this case, we can ignore
the terms that have small weights and normalize the remaining terms. For ex-
ample, in this example, when we eliminate the lowest 21 terms, we still retain
a reasonable approximation. See Figure 4.

5 Estimating Mixing Measures

Andrews and Mallows (1974) presented several examples on how to find the
mixing measure 7 when the density of the infinite variance mixture is given.

The result worked for most examples of infinite variance mixtures of normals,
but it is not clear how to apply it, and find the mixing measure, when the infinite
variance mixture of normals has a symmetric stable density. Two practical
questions also arise: Namely, how do we know that a given random sample can
reasonably be assumed to come from some scale mixtures of normals? And if it
does, how do we estimate the mixing distribution? We briefly discuss the first
question; however our main focus is on the second question.

In Theorem 1, we presented necessary and sufficient conditions for a random
variable X to be a scale mixtures of normals. In particular, f(1/z) has to be
completely monotonic. However, any empirical pdf cannot be easily tested for
complete monatomic since it is not smooth. In particular, any kernel estimator
of the pdf will not be completely monotone because it will have bumps at points
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Figure 5: The log/square plot for the Exponential Power density with b=1.2
(left) and b=3.2 (right).

where the data values are spaced apart. Additionally, a second necessary and
sufficient condition based on characteristic functions, which is not easy to apply,
was presented by Beale and Mallows (1959). They showed that the kurtosis
of a mixture is never less than the kurtosis of a normal. Additionally, they
provided a necessary (but not sufficient) condition for X to be a scale mixtures
of normals. Specifically, the log/square plot, in which log f(x) is plotted as
a function of 22, must be convex. The tails of the infinite scale mixture are
always heavier than any normal which can be utilized by modeling the data by
a normal with variance equal to the sample variance. In practice, we suggest
starting by looking at the unimodality of the empirical density of the sample. If
the empirical density is unimodal, we proceed by checking the symmetry. One
can use the test statistic suggested by Diks and Tong (1999) to test for symmetry
or spherical symmetry. If the empirical density is significantly symmetrical, we
proceed by looking at log/square plot.

EXAMPLE 1 Ezponential Power Family. Recall that a random variable X
has an exponential power density if f(z) = kexp(—|z|") and b > 0. It was
shown in Section 2 that the exponential power family is a variance mizture of
normals if and only if b < 2. To idllustrate this result, logf(x) is plotted as a
function of 2% for b= 1.2 and b = 3.2. See Figure 5.

Since our main focus is on the second question, we start by reviewing briefly
some of the major developments in this area.



5.1 Brief Literature Review

The problem of estimating the mixing measure has been the subject of a large
diverse body of literature. Deely and Kruse (1968) outlined the construction
of a mixing measure that converges weekly to a priori distribution 7. Dem-
pester, Larid, and Rubin (1977) used the EM algorithm for approximating the
maximum likelihood estimates. They interpreted the finite mixture density es-
timation problem as an estimation problem involving incomplete data. They
regard an unlabeled observation in the mixture as an observation which is miss-
ing a label indicating its component population of origin. Larid (1978) showed
that under various conditions the nonparametric maximum likelihood estimate
of the mixing distribution is a step function with a finite number of steps. A
robust powerful approach based on minimum distance estimation is analyzed
by Donoho and Liu (1988) and Beran (1977). Zhang (1990) used Fourier meth-
ods to derive kernel estimators and provided lower and upper bounds for the
optimal rate of convergence. Priebe (1994) developed a nonparametric maxi-
mum likelihood technique from related methods of kernel estimation and finite
mixtures.

There are many practical difficulties in estimating the mixing measure. Some
of these are computationally difficult and intractable. For example, when we
use the EM method to find the MLE of the mixing measure in the finite case,
we might find a large local maxima that occurs as a consequence of a fitted
component having a very small (but nonzero) variance. Moreover, it is not clear
how to initialize the estimates, especially when the mixture is a scale mixture.
The key problem in finite mixture models is the number of components in the
mixture. Several criteria based on the penalized log-likelihood, such as Akaike
Information Criterion, AIC, the Bayesian Information Criterion, BIC and the
Information Complexity Criterion introduced by Bozdogan (1993), have been
used. Finally, there are two good references in the field of finite mixtures,
namely, Titterington, Smith and Makove (1985) and Lindsay (1995).

5.2 UNMIX Program

This method is based on minimizing the squared distance between the estimated
density of X and the corresponding density computed by discretizing the mix-
ture over a pre-determined grid of R values and a grid of X values. That is,
given a sample of size n from the mixture, fix a grid of ry, 72, ..., 7, values called
rgrid and a grid of z1, ...z values called xgrid, where k& > m. We can use the
rgrid to approximate f(z) as described in section 4 as follows:

f@) = [ et

r

"1 oz
Z;ﬂr—j)ﬂj-

j=1 "7

1

~

For each z; in the xgrid, f(z;) can be evaluated by f(z;) using a kernel
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smoother. If we let y; = f(:rz), then

vi=Fe) =Y o e

j=1 J J

Assuming e; are independent with mean 0, we can solve for 7; by minimizing
S(m) where 1" = (71, ... ™),

2
k

S(m)y =" wi [vi—Y_ bim; ;
j=1

i=1

bij = % (b(f—] ), and w; are preassigned weights, in our case they are ones through-
out. However, if the data are heavy-tailed then one can try different weights
until he finds a good fit (in the heavy-tailed case, a good strategy might be
weighting the points that are close to the mean of the xgrid less than those
that are far from the mean of the xgrid). We initially tried to use regression
approach to solve for w. Although ¢ is highly nonlinear, we found ®”'®, where
® is a k by m with entries ¢;;, to be singular especially when m > 7.

Instead of using standard regression techniques, we considered the problem
as a quadratic programing problem with two constraints:  m; =1 and 7; > 0
for all j. In what follows, we expand S(7) and reformulate the problem in a
matrix environment:

2

k m m
S(m) = Z wiyF — 2w;y; Z Gijmj + w; Z Gijm;
i=1 j=1 j=1
2
k k m k m
= Z wiy; —2 Z w;iY; Z GijTj | + Z Wi
i=1 i=1 j=1 i=1 \j=1
k m k k. m m
= > wiyi -2y (Z wiyi¢ij> T > DY (wigiimy) (wigum) .
i—1 =1 \i=1 =1 j—1 =1
Since Y1, w?y? is independent of 7 , it is a constant. Let g be the m by 1
vector defined as g = ( Yoi Willi ity ooy — iy wiyiqbim) and H be an m
by m matrix defined as
k k k
S WY it i WEYiba b . . D WiYidii dio
k k k
Zi:l U)Z2 yz¢zm ¢zl Ei:l wl2 Yi ¢zm ¢12 . . Ei:l wl2 Yi ¢zm ¢zm

Then S(7) = 2 [c+ ¢"n+1xTHr] where ¢ = 23°F , w?y? is constant .

(2

m
Hence, 7 can be found by minimizing [gT7r+%7rTH7r] ,subject to ) m; = 1and
j=1

11



r | p()

1 | 0.3568075038983
1.1 | 0.1751458056112
41 | 0.0692394259209
4.2 | 0.3988072645695

Table 1: Recovered Mixing measure using UNMIX . Note: The exact mixing
measure is concentrated at 1 and 4.

1 0 . . 0
010 .0 T

Am > b, where A = of order m x m and b* = (0,...,0) of
o . . .1

order m. The quadratic programming routine, QPROG, from the International
Mathematics and Statistics Library, IMSL, is employed and modified to fit the
current problem. We have called this the new program UNMIX. The program
requires a grid of z points, which is called xgrid, the estimated density of the
xgrid using any estimate of the density of the sample X, which is named yhat,
a grid of R points called rgrid, and a vector of weights with same length as
xgrid. The default weights are a vector of ones. The output is the vector = that
minimizes S(7). The examples from the previous section are revisited, but the
mixing measure is estimated using the UNMIX program.

EXAMPLE 2 Let X be a mizture of a normal(0, 1) and a normal( 0, 4)
with weights 1 = P(R = 1) = .5 and m = P(R = 4) = .5. The estimated
mixing measure using the UNMIX with n = 2000 , zgrid = (.1, .2, ...,10), rgrid
= (.1,.2,....,5) and weights =(1,...,1). The recovered mizing measure is given
in Table 1.

EXAMPLE 3 The generalized t distribution is a scale mixtures of normals
where 1/R? is Gamma(a, 3). In particular, when o = zi and f =2, X is a
standard Cauchy random variable. To estimate the distribution of R, a random
sample of size n = 1000 is generated from a standard Cauchy. Then UNMIX is
used with rgrid = (.1,.3,...,19.9), zgrid = (.1,.3,.5,..,29.9), the default weights
and the estimated density at the xgrid. The normal kernel smoother is used to

estimate the density of X. The estimated mizing measure is displayed in Table
2.

In general, one needs to find the mixing measure that will provide a good fit
of the data. In our case, the estimated mixing measure from UNMIX method
will be used to model the data. Then the fitted density of X using the estimated
mixing measure is compared with the exact density. In practice, the exact
density of X is unknown, but one can use the estimated density of X via a

12



r p(r)

0.00333377176422
0.00448111878394
0.04177235490862
0.29319314571840
1.1 | 0.24252281603712
3.3 | 0.25933886343956
35 | 0.25933886343956
19.9 | 0.11570533923886

ol o |~

Table 2: The recovered mixing measure using UNMIX for the Cauchy example.

000020 0.00025

exact
exact
000015

0.00010

0.00005

Figure 6: The exact density of X (solid) and the fitted density using the esti-
mated mixing measure with the UNMIX method.
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~

kernel smoother. Let f(z) be the estimated density of the sample and
~ ™1
flafm) =) —¢(=)m.

Then, we consider the fit a good one if F(z) is close to ﬁ(mﬁ), where

Flalp) = Y ~o(Z,

r; o ri
i=1

For the Cauchy example, the UNMIX method discretized the mixing measure
using the provided rgrid. The estimated mixing measure is given in Table 2. The
exact Cauchy and the fitted density are evaluated on equally spaced grids on
the interval [—5, 5] and on the interval [40, 50]. The results are shown in Figure

6. The reason why it does not do a good job in far the tails is because X 4 RZ;
large values of z's come from large values of R, and, since we prohibited large
values of R, we cannot have a good estimate of the density of X in the tails.
Of the recovered distribution of R 11% is at 19.9 and 0 beyond that, so the
fitted probability of a large x is smaller than the exact probability. To improve
the fit in the tail, one can take larger values of R in the rgrid. However, since
we cannot estimate the density far in the tails using a kernel smoother with
the high accuracy, we will never have a good fit far in the tails as illustrated
in Figure 6. When we used the UNMIX with the exact density of X and the
mixing measure is discrete with three point masses, the recovered weights are
almost exact. However, for the same example, when the estimated density of X
using a normal kernel smoother is used, the UNMIX mislocate the point masses
and only was able to recover two rather than three.

6 Conclusion

In general, when infinite mixture doesn’t have a closed form or hard to compute,
it can be approximated with high accuracy. In particular, if the interest is in the
body of the mixture one can use Theorem 2 with a small a value. However, if we
are interested in the tails of the mixture, we can truncate the mixing measure
at a larger b.

In practice, the necessary and sufficient conditions provided to verify whether
a certain random variable is a scale mixture of normals are hard to apply, espe-
cially if we are looking at a sample. We would like to simplify these conditions
or provide a better way based on a sample rather than the form of the density
and be able to tell whether the sample came from a scale mixture.

A new method for estimating the mixing distribution was introduced. This
method is called UNMIX and it is based on minimizing the squared weighted
distance between the estimated density and the fitted density. The estimated
density is found using a kernel smoother over a fixed grid of X values. The
fitted density is found by discretizing the mixing measure over a fixed grid of R

14



values called rgrid. This method seems to be practical for fitting and modelling
data and for recovering discrete mixing measures.

The new method has potential for improvement, one possibility is to improve
the density estimate used by modelling the upper tail by a specific model, e.g. by
a Pareto density. Also, one can expand r-grid using larger and larger spacings.
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