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Abstract

Current technologies for measuring gene expression levels, such as microarray and
SAGE, measure the summed expression levels of the genes from a large aggregate
of cells, rather than the expression levels of the genes in an individual cell. This
paper discusses, from the statistical point of view, what we could learn, both in
principle and in practice, from the microarray and SAGE gene expression level
data. We show that, when the summed gene expression levels are measured from
a large number of cells, the conditional independence relations among the summed
gene expression levels are essentially determined by the correlation matrix among
the gene expression levels, and are very unlikely to be the same as the conditional
independence relations among the expression levels of the genes in an individual cell.
This suggests that any algorithm for learning the gene regulatory network based
on the conditional independence relations among the expression levels of the genes
would not work with the data generated by the current technologies. Furthermore,
we show that, in practice, we probably could not even get an accurate estimation of
the correlation matrix of the gene expression levels, for the number of experiments
required to estimate the correlation matrix is too large to be feasible. Therefore,
the only piece of information we can learn reliably from the current gene expression
level data is the expected gene expression levels.

1 Introduction

The inference of causal information from purely observed data has been an active
field of study in the past decade. Combining statistics, graph theory, and computer
science, various algorithms for making causal inferences from observational data
have been proposed, analyzed, and applied to solve real world problems (Spirtes et al
2001, Pearl 2000). This technique seems promising for the task of deriving the gene
regulatory networks from the large collection of gene expression data set generated
using microarray, SAGE, and other technologies. Indeed, there have already been
some publications about using causal inference techniques to infer gene regulatory
network from gene expression data (Akutsu, 1998; D’hasseleer, 2000; D’hasseleer,
et al., 2000; Friedman, 2000; Hartemink, 2001; Liang, et al., 1998; Shrager, et al.,
2002). The basic idea is to get the expression levels in repeated samples from the
same cell population, or similar cell populations, possibly in the form of time series
data, and to infer the regulatory structure from the statistical dependencies and
independencies among the measured expression levels.



The apparent advantage of this approach is that it offers the possibility of figur-
ing out the gene regulatory network just by observing the expression levels of the
genes, without conducting elaborate experiments to interfere with the regulatory
network in various ways and checking how the gene expression levels react to the
experimental interference. However, there are some statistical difficulties to the
causal inference approach of deriving gene regulatory network from gene expression
data. Some of these difficulties—such as the presence of latent common causes and
cycles—have, in principle, been overcome (Spirtes, et al, 2001). But the effort of
making causal inference from gene expression data reveals another elementary sta-
tistical difficulty: the problem of aggregation. That is, the gene expression level
data obtainable by the current technologies are all measurement of the aggregate
of the mRNA transcripts from a large number of cells. We have shown, in previous
study, that in general the conditional independence relations among the aggregates
of genes from a number of cell in general are not the same as the conditional inde-
pendence relations among the genes in a single cell (Chu et al 2003). We also gave
two sufficient conditions for the conditional independencies to be preserved under
aggregation. In this paper, we study the conditional independence relations among
the aggregates of genes from a large number of cells, as well as the difficulty in
detecting these relations. The result is that, in principle, we can only learn from
the gene expression data both the variances and the means of the gene expression
levels. In practice, however, we probably can only learn the means reliably.

The next section is a short introduction of the basic ideas of causal inference.
In section 3, we discuss the problem of aggregation and give a brief review of the
results of our previous study (Chu et al 2003). We then present the main result of
this study and its implications. The proofs of the theorems in this paper are given
in the appendix.

2 Causal graph and gene regulatory network

A directed graph consists of a set of vertices, and a set of directed edges connecting
pairs of vertices. If there is an edge coming out of vertex X and ending at vertex
Y , X is called a parent of Y , and Y a child of X . If in a directed graph, the edges
cannot form any directed cycle, then the graph is called directed acyclic graph
(DAG). DAG provides an intuitive representation of the causal relations among a
set of random variables: Each vertex in the graph represents a random variable,
and a variable X is a direct cause of variable Y if and only if X is a parent of Y , i.e.,
there is a direct edge from X to Y in the graph. A DAG with causal interpretation
is called a causal graph.

A causal model consists of a causal graph, and, for each variable in the graph,
the conditional distribution of this variable given all of its parents. Usually, the
conditional distribution of a variable is expressed as a function of all of its parents
and an independent error terms. For example, for the variables in Figure 1, we
could specify the following functional relations:

Z = f(Y, W ) + εz

Y = g(X) + εy (1)
W = h(X) + εw

Where f , g, h are any functions and εz , εy, εw are independently distributed
noises. It follows that the joint probability density of Z, Y , W , X admits a Markov
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Figure 1: A simple causal graph

factorization

d(X, Y, Z, W ) = d(Z|Y, W )d(Y |X)d(W |X)d(X) (2)

The Markov factorization implies that Y , W are independent conditional on X ,
and that X , Z are independent conditional on Y , W , and is in fact equivalent to
specifying that these two relationships hold. More generally, in a causal model, the
following condition will be satisfied:

Markov Condition: Consider a causal model G. Let X be a variable in G, Y
be the set of parents of X in G, and Z a set of variables that are neither parents
nor descendants of X. Then conditional on Y , X and Z are independent.

The Markov condition is a sufficient condition for conditional independence rela-
tion in the sense that a conditional independence relation predicted by the Markov
condition must be observed. However, it is possible that in a causal model, for some
special combinations of parameter values, some observed conditional independence
relations are not predicted by the Markov condition. Fortunately, it can be shown
that, at least for the most familiar types of causal models, i.e., the structural equa-
tion model and the Bayes network model, the set of values of the parameters that
lead to conditional independence relations not predicted by the causal graph has
Lebesgue measure 0. This seems to justify the following condition:

Faithfulness Condition: Let X, Y , Z be three disjunct sets of variables in a
causal model G. Then X and Y are independent given Z only if this is implied by
the Markov condition. 1

The Markov and the faithfulness conditions establish a close relation between
causation and conditional independence. Under the Markov and the faithfulness
conditions, each causal graph uniquely specifies a set of conditional independence
relations. It is possible that different causal graphs may specify the same set of
conditional independence relations. In this case, we call these causal graphs Markov
equivalent, and the set of all these graphs constitute a Markov equivalent class. In
the example of figure 1, the Markov equivalence class consists of the graph shown
and the graphs obtained by reorienting exactly one of the edges from X to Y or X
to W .

1For more discussion about the faithfulness condition and its implication, see Robins et al
(2000).
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Figure 2: A yeast gene regulatory network

Absent extra knowledge from other sources, the Markov equivalence class repre-
sents the most information that could be obtained from conditional independencies
among the variables. Several search algorithms have been developed to output a
graphical representation of the Markov equivalent class based on the conditional
independence relations observed in a population.

Further studies have been focused on the causal inference with the presence of
unobserved variables that are parents of pairs of observed variables. Algorithms,
such as FCI, have been developed to infer common causal patterns from populations
sharing same set of conditional independence relations among observed variables.
Moreover, causal inference from the population where there is feedback are also
studied (Richardson, 1996)

To represent gene regulatory networks with causal graphs, each variable in the
causal graph will be the level of expression of a particular gene. A directed edge from
one variable X to another variable Y in such a graph indicates that gene X produces
a protein that regulates gene Y . It is well known that the gene regulatory networks
contain self-loops and cycles, i.e., some gene may regulate itself either directly, or
through some other genes. In principle, this type of regulatory networks could
be represented by cyclic causal graphs. However, most proposed search methods
have been confined to acyclic graphs, hence, for simplicity, one usually assumes the
regulatory network could be represented by an acyclic graph with noises and random
measurement errors for each measurement of each gene that are independent of those
for any other gene. This simplification becomes unnecessary when data are obtained
in a time series, because here the regulatory relationships can be represented by a
directed acyclic causal graph, but with vertices appropriately labeled by gene and
time.

Figure 2 shows a yeast gene regulatory network represented by a directed acyclic
graph (Lee et al 2002).



3 Conditional independence under aggregation

Our goal is to discover the regulatory structure in individual cells from the gene
expression level data. To achieve this goal, we need the measurements of the gene
expression levels for many single cells. For example, suppose figure 1 represents a
true regulatory network. To infer this network, we need to collect a number of cells,
and for each cell, measure the expression levels of genes X , Y , Z, and W . Let the
number of cells be n, and the expression levels of X , Y , Z, and W in the ith cell
be Xi, Yi, Zi, and Wi. We should get a sample of size n, where each data point is
a 4-dimensional vector representing the expression levels of the 4 genes in a single
cell. Then we could apply various algorithms to this data set to infer the regulatory
network.

However, the gene expression data we could get using today’s technology are
measurements of mRNA transcripts obtained from thousands, or even millions, of
cells. Such measurements are not of variables such as X , Y , Z, and W in figure 1,
but are instead, ideally, of the sums of the values of X , Y , Z, and W over many
cells. That is, for each measurement, we get a single data point, which is not a
4-dimensional vector (Xi, Yi, Zi, Wi) for some i, but the vector (

∑n
i=1 Xi,

∑n
i=1 Yi,∑n

i=1 Zi,
∑n

i=1 Wi).
This proves to be a problem for the causal inference approach for discovering

regulatory structures, which relies on the statistical dependencies among the gene
expression levels, because the conditional dependencies/independencies among the
gene expression levels of a single cell in general are not the same as those among
the summed gene expression levels over a number of cells. In other words, the con-
ditional independence relations do not preserve under aggregation. For example,
if the variables in figure 1 are binary, and each measurement is of the aggregate
of transcript concentrations from two or more cells,

∑n
i=1 Xi,

∑n
i=1 Zi are not in-

dependent conditional on
∑n

i=1 Yi,
∑n

i=1 Wi, and the associations obtained from
repeated samples will not therefore satisfy the Markov factorization implied by the
graph in figure 1 (Danks and Glymour, 2001).

A graphical heuristic explanation of the problem of aggregation is shown in figure
3. Here we consider a simple regulatory network: Gene X regulates gene Y , and
Y regulates gene Z. Figure 3(a) shows the ideal case where we could make two
measurements from two separate cells. Using the Markov condition, it is easy to
see, from the graph, that Xi and Zi are independent given Yi for i = 1, 2. Note
that here X1, X2, ε11, ε12, ε21, and ε22 are independent. Figure 3(b) shows what
happens when we can only measure the gene express levels of the aggregate of the
two cells. X1, Y1, and Z1 now are latent variables, represented by dashed ovals.
The three observed variables,

∑2
i=1 Xi,

∑2
i=1 Yi, and

∑2
i=1 Zi, are represented by

solid rectangles. Each of them is expressed as a function of its parent(s) and an
independent error term, where the error term for

∑2
i=1 Xi is X2, the error term for∑2

i=1 Yi is ε12, and the error term for
∑2

i=1 Zi is ε22. It is not difficult to see that
the causal graph shown in figure 3(b) does not imply that

∑2
i=1 Xi and

∑2
i=1 Zi

are independent conditional on
∑2

i=1 Yi.
There are some special cases where the conditional independencies are invariant

under aggregation. For example, although the graph in figure 3(b) does not entail
that

∑2
i=1 Xi and

∑2
i=1 Zi are independent conditional on

∑2
i=1 Yi, if X , Y , and

Z are all binary variables, the implied conditional independence of X , Z given Y
will hold as well for

∑
i Xi,

∑
i Yi and

∑
i Zi (Danks and Glymour, 2001).

Another more interesting special is when the causal system can be represented as
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Figure 3: Problem of aggregation

linear model. That is, the noise terms, as in equations 1, are normally distributed
and each variable is a linear function of its parents and an independent Gaussian
noise. Under this condition, for any directed acyclic graph, the set of conditional
independencies implied by the graph will hold for the summed variables. This is
because the conditional independence for linear model is equivalent to vanishing
partial correlation, and partial correlation is invariant under aggregation.

Chu et al (2003) gives another two less restrictive sufficient conditions for con-
ditional independence of variables to be the same as the conditional independence
of their sums. Not surprisingly, both conditions are related to linear model. These
two conditions are given in the following two theorems. The general setting is an
acyclic graph such that each node is a function—not necessarily additive—of its
parents and an independent noise term.

Theorem 1 (Local Markov Theorem). Given an acyclic graph G representing
the causal relations among a set V of causal sufficient random variables.2 Let
Y, X1, · · · , Xk ∈ V , and X = {X1, · · · , Xk} be the set of parents of Y in G. If
Y = cT X + ε, 3 where cT = (c1, · · · , ck), and ε is a noise term independent
of all non-descendants of Y , then Y is independent of all its non-parents and non-
descendants conditional on its parents X, and this relation holds under aggregation.

The above theorem states that, under the local linearity condition, the condi-
2A set V of random variables are causal sufficient if, for any X, Y ∈ V , if Z is a common cause

of X and Y , then Z ∈ V .
3In this and the next theorems, we shall use the same bold face symbol to represent both a set

of variables, and a vector of that set of variables.
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Figure 4: A Sea Urchin type regulatory network

tional independence relation between a random variable and its non-descendant and
non-parent is invariant under aggregation. In the next theorem, we give another
sufficient condition for the conditional independence relation to be invariant under
aggregation.

Theorem 2 (Markov Wall Theorem). Given an acyclic graph G representing
the causal relations among a set V of random variables. Let X = {X1, · · · , Xh},
Y = {Y 1, · · · , Y k}, W = {W 1, · · · , Wm}, and X ∪ Y ∪ W = V . Suppose that the
following three conditions hold:

1. The joint distribution of X1, · · · , Xh, Y 1, · · ·, Y k is multivariate normal with
nonsingular covariance matrix.

2. For i = 1, · · · , k, Y i is neither a parent, nor a child, of any variable W j ∈ W .
That is, there is no direct edge between a variable in Y and a variable in W .

3. For i = 1, · · · , h, X i is not a child of any variable W j ∈ W . That is, if there
is an edge between a variable in X and a variable in W , the direction of the
edge must be from the variable in X to the variable in W .

Then conditional on X, Y is independent of W , and this relation holds under
aggregation.

Unfortunately, there is no evidence supporting that linear models could be used as
good approximation for the known gene regulatory networks. Consider the network
regulating the expression of Endo16 gene of sea urchin (Yuh, et al., 1998), which
is arguably one of the best-established regulatory network with known functional
relations. In this network, the expression level of the Endo16 is controlled by a
Boolean regulatory switch between two functions, each of which is a product of
a Boolean function of regulator inputs multiplied by a linear function of other
regulator inputs. The causal structure shown in figure 4 is a simplification of the
proposed Sea Urchin endo16 gene regulatory network. Let Y = UX and Z = V Y .
Suppose X has a Poisson distribution with parameter λ, U and V are Bernoulli
random variables with parameters p1 and p2 respectively.

Then it can be shown that, although X and Z are independent conditional on
Y , as long as U and V are not degenerate, that is, neither U nor V is a constant,
this conditional independence relation is not preserved under aggregation (Chu et
al 2003).
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Figure 5: Covariance matrix and conditional independence

4 Conditional independence among large sample
means

The discussion in section 3 suggests that, other than by chance, inference of ge-
netic regulatory networks from associations among measured expression levels is
possible only if the graphical structure and transmission functions from regulator
concentrations to expression concentrations of regulated genes preserve conditional
independence relations over sums of i.i.d. units. The few sufficient conditions we
have provided are not biologically relevant, but, unfortunately, the negative example
based on a simplification of Endo 16 regulation (figure 4) is relevant.

Of course, there are certainly many real gene regulatory networks that are not
similar to this simplified Endo 16 regulatory network. While the Endo 16 regulatory
network fails to preserve conditional independence under aggregation, we cannot
conclude that the other types of networks will also fail. Thus, it would be very
nice if we could find some interesting general sufficient conditions for conditional
independence not to be invariant. However, a general theory that works for the
aggregation of arbitrary number of cells seems very complicated, if not impossible.
Instead, in this section, we are going to explore some general conditions under which
we can predict whether the conditional independence relations will not hold as the
number of cells aggregated goes to infinity. The main result of this section is that,
if the joint distribution of the measurements of the genes in a cell falls into either of
two general classes of distributions, the conditional independence relations among
the measurements of the genes from an aggregate of large number of cells will be
essentially determined by the covariance matrix of the original joint distribution.

Recall that for a set of variable whose joint distribution is a multivariate nor-
mal, the conditional independence relations are entirely determined by the covari-
ance/correlation matrix. More precisely, if the random vector (X, Y, Z) has a mul-
tivariate normal distribution, then X and Y are independent given Z if and only
if the partial covariance/correlation of X and Y with respect to Z is 0. However,
this special relation between conditional independence and covariance matrix does
not hold in general. For example, consider the causal model shown in figure 5. The
covariance matrix for (X, Y, Z) is:

Cov(X, Y, Z) =

⎡
⎣ σ2

1 0 0
0 2a2σ2

1 + σ2
2 2abσ2

1

0 2abσ2
1 2b2σ2

1 + σ2
3

⎤
⎦



The partial covariance of Y and Z with respect to X and the partial covariance
of X and Z with respect to Y are, respectively:

Cov(Y, Z; X) = Cov(Y, Z) − Cov(Y, X)Var(X)−1Cov(X, Z) = 2abσ2
1

Cov(X, Z; Y ) = Cov(X, Z) − Cov(X, Y )Var(Y )−1Cov(Y, Z) = 0

However, it is easy to see, from figure 5, that Y and Z are independent given X ,
and that X and Z are dependent given Y .

Nevertheless, we are going to show, under certain conditions, that the conditional
independence relations among the sums of a large sample of a set of random variables
will be, in some sense, more and more determined, as the sample size increases, by
the covariance matrix of this set of variables. The basic idea is that, by the central
limit theorems, the (properly normalized) sums of a large sample of a set of random
variables will converge weakly to a multivariate normal distribution, which, as we
mentioned before, has the unique property that a one-to-one relation exists between
the set of conditional independencies and the covariance matrix. Of course, some
conditions are required to ensure that the conditional distribution of the sums of a
set of variables given the sums of another set of variables will also converge in the
right way.

First we look at the class of distributions with non-singular covariance matrices
and bounded densities (with respect to the Lebesgue measure). We will show that,
for a random vector (X, Y, Z) belonging to this class of distributions, the density of
conditional distribution of the large sample sums (

∑
i Xi,

∑
i Yi) given large sample

sums
∑

i Zi converges in total variation distance to the product of the densities of∑
i Xi given

∑
i Zi and

∑
i Yi given

∑
i Zi if and only if the partial correlation of

X and Y with respect to Z is 0. To prove this, we need a few lemmas about the
characteristic functions of multivariate distributions.

Lemma 1. Let X = (X1, · · · , Xk) be a random vector with characteristic function
φ(t) = φ(t1, · · · , tk). Then if X has a density with respect to the Lebesgue measure,
|φ(t)| equals 1 only when t = 0

Lemma 2. Let X = (X1, · · · , Xk) be a random vector with a bounded density
with respect to the Lebesgue measure, and φ(t) = φ(t1, · · · , tk) be the characteristic
function of X. Then φ(t) is integrable if φ(t) ≥ 0.

Lemma 3. Let X = (X1, · · · , Xk) be a random vector with a bounded density f(x)
with respect to the Lebesgue measure, and φ(t) = φ(t1, · · · , tk) be the characteristic
function of X. Then |φ(t)|n is integrable for all n ≥ 2.

With the above lemmas, we can prove the first main theorem of this paper,
which is a generalization of the well known theorem of convergence in density for
univariate random variables (Feller 1971, van der Vaart 1998):

Theorem 3. Let Xn be i.i.d. random vectors with 0 mean and non-singular co-
variance matrix ΣX , and Xn =

∑n
i=1 X i/

√
n. Suppose the characteristic function

φ(t) = E[exp(tT X)] is integrable, then Xn have bounded continuous densities that
converge uniformly to the density of a multivariate normal distribution with 0 mean
and covariance matrix ΣX .

The following corollary is a direct consequence of Theorem 3.



Corollary 1. Let {(Xn, Yn, Zn)} be a sequence of i.i.d. k +2 dimensional random
vectors with mean 0 and nonsingular covariance matrix Σ. Suppose (Xn, Yn, Zn)
and Zn both have bounded densities (with respect to the Lebesgue measure). Let
Xn = (

∑n
i=1 Xi)/

√
n, Y n = (

∑n
i=1 Yi)/

√
n, and Zn = (

∑n
i=1 Zi)/

√
n, and (U, V, W )

be a multivariate normal random vector with mean 0 and covariance matrix Σ.
Then the total variation distance between the conditional distribution of (Xn, Y n)
given Zn and the product of the conditional distributions of Xn given Zn and Y n

given Zn converges to the total variation distance between the conditional distribu-
tion of (U, V ) given W and the product of the conditional distributions of U given
W and V given W almost surely with respect to the measure induced by W .

Note that the conditions for Theorem 3 and Corollary 1 could be made even
more general. However, the current conditions for Theorem 3 and Corollary 1 are
more intuitive.

The main implication of Corollary 1 is that, under the conditions for Corollary
1, the conditional independence relations among the summed expression levels of
the genes from large number of cells will eventually be determined by the covari-
ance matrix of the expression levels of the genes within a single cell. Recall that
unlike conditional independence relations, the covariance matrix, with appropriate
normalization, is invariant under aggregation. That is, for the variables in Corollary
1, we have:

nVar(X, Y, Z) = Var
( n∑

i=1

Xi,

n∑
i=1

Yi,

n∑
i=1

Zi

)
= nVar(Xn, Y n, Zn)

Therefore, Var(Xn, Y n, Zn) = Var(U, V, W ). Now consider the case where X
and Y are independent given Z, but the partial correlation of X and Y with respect
to Z is not 0. Clearly, the partial correlation of U and V with respect to W cannot
be 0 either, hence U and V must be dependent given W . As we aggregate more
and more cells, the total variation distance between the conditional distribution of
(Xn, Y n) given Zn and the product of the conditional distributions of Xn given
Zn and Y n given Zn converges to a positive value. 4 Therefore, there must be a
number N such that for all n ≥ N , Xn and Y n are dependent given Zn. On the
other hand, if the partial correlation of X and Y with respect to Z is 0, then total
variation distance between the conditional distribution of (Xn, Y n) given Zn and
the product of the conditional distributions of Xn given Zn and Y n given Zn will
converge to 0. As the total variation distance goes to 0, it becomes harder and harder
for any general statistical procedure to distinguish the conditional distribution of
(Xn, Y n) given Zn from the product of the conditional distributions of Xn given Zn

and Y n given Zn. Hence the power of any general test of conditional independence
for the conditional distribution of (Xn, Y n) given Zn will be too poor to be useful.

As a special case of Corollary 1, when Z is empty, we can show that whether
Xn and Y n are independent is also determined by the covariance matrix, or more
precisely, by the value of Cov(X, Y ). The relation between independence and covari-
ance is less complicated, thanks to the fact that if X and Y are independent, then
Cov(X, Y ) = 0. Basically, if Cov(X, Y ) �= 0, then Xn and Y n are dependent for all
n, because of the invariance of the covariance matrix. Moreover, the total variation
distance between the joint distribution of (Xn, Y n) and the product of the marginal
distributions of Xn and Y n will converge to a non-zero value, which is the total

4This value is the total variation distance between the conditional distribution of (U, V ) given
W and the product of the conditional distributions of U given W and V given W .



variation distance between the joint distribution of (U, V ) and the product of the
marginal distributions of U and V . Therefore, we do not need to worry about the
power of the test of independence. On the other hand, if Cov(X, Y ) = 0, we need to
consider two cases: If X and Y are also independent, then because the independent
relation is invariant under aggregation, 5 the total variation distance between the
joint distribution of (Xn, Y n) and the product of the marginal distributions of Xn

and Y n will remain 0 for all n, which is just fine. If X and Y are dependent, then
the total variation distance between the joint distribution of (Xn, Y n) and the prod-
uct of the marginal distributions of Xn and Y n will converge to the total variation
distance between the joint distribution of (U, V ) and the product of the marginal
distributions of U and V , which is 0. This means that regardless of whether X and
Y are independent, insofar as Cov(X, Y ) = 0, for large n, any general independence
test will likely return that Xn and Y n are independent.

While the conditions for Theorem 3 and Corollary 1 seem to be quite general,
they do not cover the class of discrete distributions. After all, the expression level
of any type of gene in a cell, which is the number of mRNA transcripts for that gene
at a moment, is an integer valued random variable. The continuous distributions
could approximate a discrete distribution arbitrarily well, but only in term of the
distribution function. (The total variation distance between a continuous distribu-
tion and a discrete distribution is always 1, regardless of how close the distribution
functions of these two distribution are.) However, as we are going to show in the
remaining part of this section, Theorem 3 and Corollary 1 could be extended to
an important class of discrete distributions — the regular lattice distributions —
which covers the possible distributions of the numbers of mRNA transcripts of any
set of genes in a cell.

A lattice distribution for a random vector X is a discrete distribution that only
assigns non-zero probabilities to points x = (x1, · · · , xk) such that xi = mhi + bi,
where m is an integer, hi a positive real value, and bi a constant. If hi is the largest
positive real number such that Xi can only take values of the form mhi + bi, hi is
called the span of Xi. The regular lattice distribution is defined as:

Definition 1. Suppose a random vector X = (X1, · · · , Xk) has a lattice dis-
tribution, and hi is the span of the ith coordinate Xi. Then X has a regular
lattice distribution if, for any 1 ≤ i ≤ k, there are at least two vectors xi =
(x1, · · · , xi−1, xi, xi+1, · · · , xk) and yi = (x1, · · · , xi−1, yi, xi+1, · · · , xk), such that
|yi − xi| = hi, P (X = xi) > 0, and P (X = yi) > 0.

Let φ(t) be the characteristic function of X, define T = {t : |φ(t)| = 1, t �= 0}.
By Lemma 1, |φ(t)| = 1 implies that tT X = b + 2mπ a.s. for m = 0,±1, · · ·. In
particular, tT (xi − yi) = ti(yi − xi) = 2m1π for some integer m1. That is, either
ti = 0, or |ti| ≥ 2π/|yi −xi| = 2π/hi. Thus, we have shown that, if X has a regular
lattice distribution, |φ(t)| < 1 if 0 < |ti| < hi for all 1 ≤ i ≤ k.

Now we can extend Theorem 3 and Corollary 1 to the regular lattice distributions.

Theorem 4. Let Xn be i.i.d. discrete random vectors with a lattice distribution
that satisfies the regularity condition given above. Suppose Xn has mean 0 and a
non-singular covariance matrix ΣX . Let hi be the span of the marginal distribution
of the ith coordinate of Xn, φ(t) be the characteristic function of Xn, and Xn =∑n

i=1 Xi/
√

n. Then the probability mass functions pn(x) of Xn converge uniformly

5This statement is universally true, regardless of the distribution of X and Y . To show this, we
note that if X and Y are independent, then (X1, · · · , Xn) and (Y1, · · · , Yn) are also independent,
hence

∑n
i=1 Xi and

∑n
i=1 Yi are independent.



to the density g of a multivariate normal distribution with 0 mean and covariance
matrix ΣX in the following way:

sup
x

[
nk/2∏k
i=1 hi

pn(x) − g(x)

]
→ 0 (3)

Corollary 2. Let {(Xn, Yn, Zn)} be a sequence of i.i.d. k +2 dimensional random
vector with mean 0 and nonsingular covariance matrix Σ. Suppose that (Xn, Yn, Zn)
has a regular lattice distribution with a nonsingular covariance matrix Σ. Let Xn =
(
∑n

i=1 Xi)/
√

n, Y n = (
∑n

i=1 Yi)/
√

n, and Zn = (
∑n

i=1 Zi)/
√

n, and (U, V, W ) be
a multivariate normal random vector with mean 0 and covariance matrix Σ. Then
the total variation distance between the conditional distribution of (Xn, Y n) given
Zn and the product of the conditional distributions of Xn given Zn and Y n given
Zn converges to the total variation distance between the conditional distribution of
(U, V ) given W and the product of the conditional distributions of U given W and
V given W almost surely with respect to the measure induced by W .

The implication of Corollary 2 is similar to that of Corollary 1, except that it is
applied to the regular lattice distributions.

Combining Corollaries 1 and 2, we have shown that, if given only the data about
the summed gene expression levels from a large number of cells, we could learn
virtually nothing about the exact causal models for the gene expression levels in a
single cell, which has a lattice distribution, or the approximated continuous model,
except the mean vector and the covariance matrix.

5 Estimate correlation matrix from noisy aggrega-

tion data

In section 3 of this chapter, it has been shown that, except for some special cases,
we should not expect that the conditional independence relations among the ex-
pression levels of the genes in a single cell would be the same as the relations among
the summed expression levels from an aggregate of multiple cells. In section 4,
it was shown that, for two general classes of distributions, when a large number
of cells are aggregated, the independence and conditional independence relations
among the summed genes expression levels from the aggregated cells are essentially
determined by the covariance matrix, or more precisely, by the covariance and par-
tial covariances, of the expression levels of genes in a single cell. Given that it is
typically the case, for the current technologies such as microarray or SAGE, that
often hundreds of thousands of cells are used in a single measurement, it seems that
in principle we are not going to learn the conditional independence information
among the expression levels of the genes in a single cell, unless we were to make the
biologically implausible assumption that in the true models for the gene expression
levels in a single cell, the partial correlation between the expression levels of two
genes with respect to other genes is 0 if and only if the two genes are independent
conditional on other genes.

Nevertheless, we do know that two important features of the joint distribution
of the gene expression levels—the mean vector and the covariance matrix—are in-
variant under aggregation up to a simple linear transformation, and we know that
non-zero covariance does imply dependent relation. Therefore, theoretically, we can
always claim that the expression levels of two genes are dependent if we find that the



covariance of the summed expression levels of these two genes from a large number
of cell is non-zero.

Unfortunately, even such a weak statement is problematic in practice, at least if
we are going to use one of the two popular technologies, i.e., microarray or SAGE.
The main reason is that, compared to the measurement error of the current tech-
nologies, the covariance between the summed expression levels of any pair of genes
from an aggregate of a large number of cells is too small to be reliably estimated.

Let us first look at the SAGE data. A typical SAGE experiment needs 108 cells
(Velculescu et al., 1997), and a yeast cell contains roughly 15000 mRNA transcripts
(Hereford & Rosbash, 1977). Using some modified protocols, such as microSAGE,
the number of cells can be reduced to 105 (Datson et al, 1999). Typically the result
of a SAGE experiment is a library consisting of 30000 tags. Consider the following
experiment: 105 cell, each with 15000 mRNA transcripts, are used as input, and
the output is a SAGE library containing 30000 tags. Let Xi and Yi represent
respectively the numbers of mRNA transcripts of two genes A and B in the ith cell,
and S and T the counts of tags for A and B in the resulting SAGE library. Suppose
that E[Xi] = E[Yi] = 15, Var(Xi) = Var(Yi) = 225, and Cov(Xi, Yi) = 112.5, (hence
Corr(Xi, Yi) = 0.5). Let p̂ =

∑100000
i=1 Xi/(1.5×109), and q̂ =

∑100000
i=1 Yi/(1.5×109).

Assuming the PCR is unbiased, ignoring the sequencing error, conditional on (p̂, q̂),
it can be shown that: 6

Var(S|p̂) ≈ 30000 p̂(1 − p̂)
Var(T |q̂) ≈ 30000 q̂(1 − q̂)

Cov(S, T |p̂, q̂) ≈ 30000 p̂q̂

Therefore, we have:

Var(S) = E[Var(S|p̂)] + Var(E[S|p̂]) ≈ 30
Var(T ) = E[Var(T |q̂)] + Var(E[T |q̂]) ≈ 30

Cov(S, T ) = E[Cov(S, T |p̂, q̂)] + Cov(E[S|p̂], E[T |q̂]) ≈ −2.55× 10−2

which implies that Corr(S, T ) ≈ −8.5 × 10−4. On the other hand, if we assume
that Cov(Xi, Yi) = 0, and everything else remains the same, the correlation between
S and T would be −1×10−3. Thus to test the null hypothesis that Corr(Xi, Yi) = 0
versus the alternative that Corr(Xi, Yi) = 0.5, we have to test Corr(S, T ) = −1 ×
10−3 versus Corr(S, T ) = −8.5×10−4. Using Fisher’s z transformation, the sample
size must be greater than 1.7 × 108 so that the rates of both type I and II errors
are approximately 15%. 7 That is, we need to perform at least 1.7 × 108 SAGE
experiments so that we can detect a rather strong correlation of 0.5 between the
expression levels of two genes. (Note that if there were no measurement errors, to
test whether Corr(Xi, Yi) = 0 or Corr(Xi, Yi) = 0.5, using Fisher’s z transformation,
we would only need a sample of size 19 to control the rates of the two types of error
at the level of approximately 15%.) In practice, the problem is even more difficult,
because the correlation between two dependent genes could be smaller, and the
alternative hypothesis should be Corr(Xi, Yi) �= 0.

6For the details of the proof, see Chapter 3.
7Let z be the test statistic. Under the null, E0[z] ≈ −0.001, under the alternative, E1[z] ≈

−0.00085. The variance of z is approximately 1/(n − 3), where n is the sample size. The level
15% test will reject the null if z > −0.000925.



It is difficult to estimate how many microarray measurements are required so
that we can test reliably whether Corr(Xi, Yi) = 0, because so far all the statistical
models for the microarray data treat the expression levels of the genes as constants.
However, it is generally believed that, while relatively cheap and fast, the microarray
experiments usually provide qualitative measurements of the gene expression levels,
in contrast to the quantitative nature of the SAGE technology. Our own experience
with the two technologies also suggests that the quality of the data from microarray
experiments usually is not as good as the SAGE data. Therefore, we may expect
that we would need even more experiments to test whether Corr(Xi, Yi) = 0.

Thus we have reached the conclusion of this section and the whole chapter:
In theory, the data obtained using current technologies such as microarray and
SAGE cannot be used to identify the conditional independence relations among the
expression levels of the genes in a single cell, though they could be used to estimate
the covariance matrix of the gene expression levels. In practice, these data cannot
even be used to estimate the covariance matrix of the gene expression levels in a
single cell, unless we have an astronomical number of measurements. Thus, the
only thing we can learn reliably from these data is the mean of the gene expression
levels in a single cell.

Of course, there are other ways to determine the networks of regulatory relation-
ships among genes. One approach, the intervention approach (Yuh, et al., 1998;
Ideker, et al., 2001; Davidson, et al., 2002, and Yoo et al., 2002), experimentally
suppresses (or enhances) the expression of one or more genes, and measures the
resulting increased or decreased expression of other genes. A single knockout of
gene A resulting in changed expression of genes B and C, for example, implies that
either A regulates both B and C directly, or A regulates B which in turn regulates
C, etc. The method, while laborious, has proved fruitful in unraveling small pieces
of the regulatory networks of several species. Its chief disadvantage is that each
experiment provides information only about the effects of the manipulated gene or
genes, and it is often impossible to distinguish the direct effect from indirect effect
with a single experiment. To identify a regulatory network, the number of exper-
iments required will be super exponential in the number of distinct genes in the
network.

Another promising approach is the genome-wide location analysis (Ren et al,
2000). The basic idea is to use formaldehyde to cross-link proteins and nuclei acids
in living cells. The cells then are lysed and sonicated. The DNA fragments bound
by certain proteins, which represent the promoter regions of the genes regulated
by these proteins, are then enriched by immunoprecipitation with corresponding
antibodies. The cross-links are then reversed, the DNA fragments are purified,
amplified, and identified, and their concentration levels are measured (Orlando,
2000). This technology allows direct monitor of the protein-DNA interactions, and
has been used to construct the regulatory network of yeast (Lee et al, 2002).

Using the above two experimental approaches, we can make inference of reg-
ulatory network without the knowledge of the statistical associations among the
expression levels of the genes in a single cell. Of course we still need to know the
mean expression levels of each gene (under certain conditions), which, fortunately,
could be estimated from the gene expression data obtained by the microarray and
the SAGE technologies.
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6 Appendix: Proofs

Lemmas 1, 2 and 3 are multivariate versions of some well known facts about the
univariate characteristic functions.

Theorem 3. Let Xn be i.i.d. random vectors with 0 mean and non-singular co-
variance matrix ΣX , and Xn =

∑n
i=1 X i/

√
n. Suppose the characteristic function

φ(t) = E[exp(tT X)] is integrable, then Xn have bounded continuous densities that
converge uniformly to the density of a multivariate normal distribution with 0 mean
and covariance matrix ΣX .
Proof:

This theorem is a generalization of the well known fact about the convergence
of density in the univariate case. The following proof is similar to the one (for the
univariate case) given in Feller (1971).

Because φ(t) is integrable, the density of Xn can be obtained by the inversion
formula:

fn(x) =
(

1
2π

)k ∫
exp(−itT x)φ(t/

√
n)n dt (4)

We need to show that, uniformly over x:∫ ∣∣∣∣exp(−itT x)
(

φ(t/
√

n)n − exp(−1
2
tT ΣX t)

)∣∣∣∣ dt → 0 (5)

where exp(− 1
2tT ΣX t) is the characteristic function of the multivariate normal

distribution with 0 mean and covariance matrix ΣX .
Compare φ(t) with exp(− 1

4tT ΣX t). They are both equal to 1 when evaluated at
t = 0, their first derivatives are both equal to 0 when evaluated at t = 0, and their
second derivatives are −ΣX and − 1

2ΣX when evaluated at t = 0. Given that ΣX

is positive definite, there must be a positive δ such that |φ(t)| ≤ exp(− 1
4tT ΣX t)

for |t| ≤ δ. Let h = sup|t|=δ{exp(− 1
4tT ΣX t)}. It is easy to see that h < 1. On the

other hand, by the Riemann-Lebesgue Theorem, (see Stein & Weiss 1971, p. 2),
φ(t) → 0 as |t| → ∞. Thus, given that |φ(t)| < 1 for all t �= 0, |φ(t)| must achieve
a maximum m on |t| ≥ δ, where m < 1.

Let ε > 0. First we choose a c such that
∫
|t|≥c

exp(− 1
4tT ΣX t) dt < ε. Given the

fact that [φ(t/
√

n)]n → exp(− 1
2tT ΣX t) uniformly on any compact set, there is an

N1 such that, for all n ≥ N1,∫
|t|≤c

∣∣∣∣exp(−itT x)
(

φ(t/
√

n)n − exp(−1
2
tT ΣX t)

)∣∣∣∣ dt < ε (6)

Now choose N2 such that for all n ≥ N2,
√

nmn−1
∫ |φ(t)| dt < ε, and

√
nδ > c.

We have, for n ≥ max(N1, N2):



∫ ∣∣∣∣exp(−itT x)
(

φ(t/
√

n)n − exp(−1
2
tT ΣX t)

)∣∣∣∣ dt

≤
∫ ∣∣∣∣φ(t/

√
n)n − exp(−1

2
tT ΣX t)

∣∣∣∣ dt

≤
∫
|t|≤c

∣∣∣∣φ(t/
√

n)n − exp(−1
2
tT ΣX t)

∣∣∣∣ dt

+
∫
|t|>c

[
exp(−1

2
tT ΣX t) +

∣∣φ(t/
√

n)n
∣∣] dt

≤ ε + ε +
∫

c<|t|≤√
nδ

exp(−1
4
tT ΣX t) dt + mn−1

∫
|t|>√

nδ

∣∣φ(t/
√

n)
∣∣ dt

≤ 3ε +
√

nmn−1

∫
|φ(t)| dt ≤ 4ε

�
Theorem 4. Let Xn be i.i.d. discrete random vectors with a lattice distribution
that satisfies the regularity condition given above. Suppose Xn has mean 0 and a
non-singular covariance matrix ΣX . Let hi be the span of the marginal distribution
of the ith coordinate of Xn, φ(t) be the characteristic function of Xn, and Xn =∑n

i=1 Xi/
√

n. then the probability mass functions pn(x) of Xn converge uniformly
to the density g of a multivariate normal distribution with 0 mean and covariance
matrix ΣX in the following way:

sup
x

[
nk/2∏k
i=1 hi

pn(x) − g(x)

]
→ 0 (7)

Proof: Given that the span of the marginal distribution of Xi is hi, the marginal
distribution of the ith coordinate of Xn must have a lattice distribution with span
hi/

√
n. Let φ(t) be the characteristic function of Xn, the probability mass function

for Xn is:

pn(x) =
∏k

i=1 hi

(2
√

nπ)k

∫ √
nπ

hk

−√
nπ

hk

· · ·
∫ √

nπ
h1

−√
nπ

h1

exp(−itT x)φ(t/
√

n)n dt (8)

Let φ(t) be the characteristic function of Xn, we need to show that, uniformly
on x,

∫ √
nπ

hk

−√
nπ

hk

· · ·
∫ √

nπ
h1

−√
nπ

h1

exp(−itT x)[φ(t/
√

n)n dt −
∫

exp(−1
2
tT ΣX t)] dt → 0 (9)

It is easy to see that it suffices to prove that:

∫ √
nπ

hk

−√
nπ

hk

· · ·
∫ √

nπ
h1

−√
nπ

h1

∣∣∣∣φ(t/
√

n)n − exp(−1
2
tT ΣX t)

∣∣∣∣ dt → 0 (10)

The proof will be essentially the same as the proof for Theorem 3, except that
here the Riemann-Lebesgue Theorem does not hold. Instead, we use the fact that
under the regularity condition, |φ(t)| < 1 if 0 < |ti| < hi for all 1 ≤ i ≤ k. �



Corollary 2. Let {(Xn, Yn, Zn)} be a sequence of i.i.d. k + 2 dimensional random
vector, where Zn is a k dimensional random vector. Suppose that (Xn, Yn, Zn) has
a regular lattice distribution with a nonsingular covariance matrix Σ. Let Xn =
(
∑n

i=1 Xi)/
√

n, Y n = (
∑n

i=1 Yi)/
√

n, and Zn = (
∑n

i=1 Zi)/
√

n, then the total
variation distance between the conditional distribution of (Xn, Y n) given Zn and the
product of the conditional distributions of Xn given Zn and Y n given Zn converges
to 0.
Proof: Without loss of generality, suppose the spans for (Xn, Yn, Zn) are h1, h2, · · · , hk+2

respectively, and that the lattice points of the distribution, i.e., the values that
(Xn, Yn, Zn) could possible take, are of the form (m1h1+c1, m2h2+c2, · · · , mk+2hk+2+
ck+2), where m1, · · · , mk+2 are arbitrary integers, and 0 ≤ ci < hi for i = 1, · · · , k+
2.

Let Fn
X,Y |Z , Fn

X|Z , and Fn
Y |Z be the conditional distributions of (Xn, Y n) given

Zn, Xn given Zn, and Y n given Zn respectively. Clearly they are also lattice
distributions. We are going to approximate these three conditional distributions
with three continuous distributions Gn

X,Y |Z , Gn
X|Z , and Gn

Y |Z . The basic idea
is to transform the probability mass functions of the lattice distributions into the
probability density functions (w.r.t. the Lebesgue measure) of the continuous dis-
tributions. Generally speaking, to approximate a m dimensional lattice distribution
with a continuous distribution, we shall first divide the m dimensional Euclidean
space into identical m dimensional rectangles such that the lengths of the “edges”
of each rectangle are equal to the spans of the lattice distribution, and that at the
geometric center of each rectangle is a lattice point. The probability density func-
tion then will be uniform within each of the rectangles, and the total mass for each
rectangle will be the same as the mass assigned to the lattice point in the center
of that rectangle by the corresponding lattice distribution. The three densities are
given as:

gn
X,Y |z(x, y|z) =

n

h1h2

∑
(m1,m2)∈Z2

ICx,y,n
m1,m2

(x, y)

P ((Xn, Y n) ∈ Cx,y,n
m1,m2

| Zn = dn(z))

gn
X|z(x|z) =

√
n

h1

∑
m1∈Z

ICx,n
m1

(x)P (Xn ∈ Cx,n
m1

| Zn = dn(z))

gn
Y |z(y|z) =

√
n

h2

∑
m2∈Z

ICy,n
m2

(y)P (Y n ∈ Cy,n
m2

| Zn = dn(z))

where

Cx,y,n
m1,m2

=
{

(w1, w2) :

(mi − 0.5)hi + nci√
n

< wi ≤ (mi + 0.5)hi + nci√
n

, i = 1, 2
}

Cx,n
m1

=
(

(m1 − 0.5)h1 + nc1√
n

,
(m1 + 0.5)h1 + nc1√

n

]

Cy,n
m2

=
(

(m2 − 0.5)h2 + nc2√
n

,
(m2 + 0.5)h2 + nc2√

n

]



and dn(w3, · · · , wk+2) = (v3, · · · , vk+2), with vi = [ceil((
√

nwi−nci)/hi−0.5)hi+
nci]/

√
n for 3 ≤ i ≤ k + 2. 8

Let pn
X,Y |Z , pn

X|Z , and pn
Y |Z be the probability mass functions for Fn

X,Y |Z , Fn
X|Z ,

and Fn
Y |Z respectively. Let qn

X,Y |Z = pn
X|Zpn

Y |Z , and Qn
X,Y |Z be the corresponding

distribution function. Let hn
X,Y |Z = gn

X|Zgn
Y |Z , and Hn

X,Y |Z be the corresponding
distribution function. It is easy to see that the total variation of the signed measure
Qn

X,Y |Z −Fn
X,Y |Z is the same as the total variation of the signed measure Hn

X,Y |Z −
Gn

X,Y |Z , i.e., |Qn
X,Y |Z − Fn

X,Y |Z | = |Hn
X,Y |Z − Gn

X,Y |Z |. As a direct consequence of
Theorem 4, we have hn

X,Y |Z − gn
X,Y |Z → 0 as n → ∞, although the convergence

may be not uniform. By the bounded convergence theorem, we have |Hn
X,Y |Z −

Gn
X,Y |Z | → 0, hence |Qn

X,Y |Z − Fn
X,Y |Z | → 0, as n → ∞. �
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