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Abstract

Partially linear models have a linear part as in the linear regression and a nonlinear
part similar to that in the nonparametric regression. The estimates in partially
linear models have been studied previously in traditional smoothing methods such
as smoothing spline, kernel and piecewise polynomial methods. In this paper, we
apply the regularized wavelet estimators by penalizing the [; norm of the wavelet
coefficients of the nonparametric function. The regularization parameter is chosen
by universal threshold. When the linear part has multivariate predictors, we de-
veloped an iterative algorithm similar to backfitting based on the necessary and
sufficient conditions of the minimum point. Simulation results confirmed the good
performance of the regularized wavelet approach.
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1 Introduction
Considering observations {(y;, x;,t;), = 1,...,n} from the following model:
y=2a'B+ f(t)+e 1)

where x is a fixed known p-dimensional vector, § is an unknown p-dimensional
parameter vector, f is an unknown function, ¢ is a scalar such as the time at which
the observation is made, € is the random error usually assumed to be N(0,0?)
distributed. Without loss of generality, assume ¢ € [0, 1].
For the n observed data points, in vector-matrix notation, the model is written
as
Y=XB8+F+ce¢

where Y = (y1,...,yn), X' = [z1, .., xn], F = (f(t1), ..., f(tn)) and € = (e1,...,ep)".
This model has received a considerable amount of research in the past two
decades. Omne reason is that it is much more flexible than the standard linear
model since it combines both parametric and nonparametric components. Another
reason is that it allows easier interpretation of the effect of each variable compared



to a completely nonparametric regression. Because of its relation to the classical
linear model, this model is called “partially linear model”. Engle et. al. [6] were
among the first to apply this model in analyzing the relationship between weather
and electricity sales. Most recently, a whole new book [12] is dedicated to this
model.

All the existing approaches are based on different nonparametric regression pro-
cedures. Among the most important are spline method by Green et al. [10],
Wahba [25], Green and Silverman [11], Eubank [7], and Schimek [23]; kernel method
by Speckman [24] and Robinson [22]; piecewise polynomials method by Chen [3];
and local linear smoothing method by Hamilton and Truong [13]. Important as-
sumptions by all the existing approaches for f(t) are its continuity and smoothness
. But in reality, these assumptions may not be satisfied. In areas like signal and
image processing, objects are frequently inhomogeneous.

Wavelet nonparametric regression methods have become a powerful tool in the
past decade since Donoho and coauthors’ pionnering work [4], [5]. There are several
advantages for wavelet shrinkage estimator. It is nearly minimax for a wide range
of loss functions and for general function classes. It is adaptable to various ranges
of unknown smoothness. It is simple, practical and fast due to efficient algorithms.

For Partially Linear Models, applying wavelet nonparametric regression methods
to the estimation of 8 and f(¢) is a natural extension to the traditional methods.
Less restrictive hypotheses of degrees of smoothness of the underlying function f(t)
are made. Qu [21] proposed regularized wavelet estimation in partially linear models
for the special case when dimension p = 1. Here we deal with the general case for
p>1.

The paper is organized as follows. In section 2 we give a brief review about
the wavelet nonparametric regression and Discrete Wavelet Transform (DWT). We
discuss the necessary and sufficient conditions for the regularized wavelet estimator
in partially linear models in section 3. In section 4, we propose a nonlinear back-
fitting algorithm based on the necessary and sufficient conditions and present some
simulation results. We conclude the paper with some comments and suggestions for
future research in the last section.

2 Wavelet Nonparametric Regression

The classical nonparametric regression problem is to recover f(t) after observing
data
{(yi,t;),i =1,...,n} from the standard Gaussian “signal-plus-noise” model

y=[f{t)+e

where f(t) is an unknown function and € ~ N(0,02). If 8 = 0 in model (1), then
the above model is obtained. For the sake of DWT, it is further assumed that ¢;’s
are equally spaced and n is power of 2.
For the n observed data points, in vector-matrix notation, the model is written
as
Y=F+¢

where Y = (y1,...,yn), F = (f(t1), ..., f(tn)) and € = (g1,...,€,)".

The DWT can be represented by an orthonormal matrix W. Then w = WY
performs the DWT on the noisy data. Let § = W F be the wavelet transform of F,
then F' = W’ with W’ the inverse discrete wavelet transform (IDWT). Then, the



observed data can be expressed as a linear model on the wavelet domain
Y =W+ (2)

The ordinary Least Squares estimate is simply Op5 = WY, the empirical wavelet
coefficients. The 6 s is an unbiased estimate of # and its covariance matrix is o21.
For a smaller Mean Squared Error of é, the unbiasedness is sacrificed to obtain a
better tradeoff between biasness and variance. Since wavelet coefficients of f(¢) in
a wide range of function space are usually sparse, it is preferred to penalize the I
norm of §. For a given A\ > 0, the solution to the minimization of regularized least
squares: /

min 271 [Y — W] + 0]

is the soft thresholding of w:
s = sign(w)(jw| — )

where x is x for z > 0 and zero otherwise. Usually, the scaling coeffiecients from
the DWT are kept unchanged.

The choice of the regularization parameter or the threshold A is crucial. There
are several approaches in the literature. It can be chosen by universal threshold
Auv = 04/2log(n), or by minimizing Stein Unbiased Risk Estimate(SURE), or by
the method of cross validation.

For DWT and IDWT, a fast algorithm developed by Mallat [18] is used to perform
the transform in O(n) operation and matrix multiplication is avoided. However, use
of the fast DWT and IDWT requires equally spaced ¢;’s and n to be power of 2. This
requirement is not a real restriction. Methods exist to overcome these limitations,
allowing the DWT to be applied on unequally spaced data with any length.

The algorithm is easily implemented in S-Plus, a statistical and graphical com-
puting environment. We use the WaveT hresh3 Software deveopled by Nason [19]
running under S-Plus for our simulation.

3 Wavelet Estimation for Partially Linear Model

The idea of wavelet nonparametric regression in the above section can be generalized
to the estimation of model (1). We assume equally spaced time points t; = i/n and
n is power of 2 in model (1). In the wavelet domain, the observed data can be
expressed as a linear model:

Y =XB+W0O+e

If 5 is known, the model is the same as model (2) in the above section. So our
focus here is to estimate 3. By penalizing the [; norm of 6, for a given A, one finds
(6 and 6 which minimize the quantity:

1(8,0) =27 MY = X8 — W 6|3 + Allo]
Then, by the orthogonality of the matrix W,

108,0) = 27HWY — WXB—0[3+ A6l
= 27w —uf — 0|3 + X6l 3)



where u = WX is the DWT of the matrix X, which is the transformation of each
column of X. Note that {(3,0) tends to infinity as |3] — oo or |#] — oo. Thus,
minimizers of (3, 6) do exist. Obviously, [(3,6) is a convex functional of 3 and 0,
since it is the sum of two terms with each of them being a norm. Because of the
triangular inequality, any norm is convex.

But the question whether I(3,0) is a strictly convex functional of both 8 and 6
is not so straightforward. It is well known that a convex functional has at least one
minium point, whereas its uniquess is granted only in the case of strict convexity.

Taking the partial derivative of I(3,6) with respect to 8 and 6; at 6; # 0 and
setting them to zero leads to:

Uw-UB—-0) = 0,
w; —uyB—0; — Asgn(6;) = 0, for§; #0,i=1,...,n.

The above equations characterize the minimum point(s) of I(5, #) according to clas-
sical results from differential calculus.
Recall the definition of soft threshold function

d+ X\ ifd< =)\
T3(d)=1 0 if |d] < A,
d—\ ifd> A

It is understood that if d is a vector, then T (d) is a vector operating componentwise.

Let B and 0 be a solution of the minimization problem. The following theorem
characterizes the estimator by necessary and sufficient conditions:

Theorem 1
(8,0} = argmings py1(8,0) = argmings g2~ w — UB — 0|3+ \|0]1
if and only if the following conditions hold:

U'(w—UpB—6) =0, (4)
0=T5(w—UP) (5)

The proof is similar to the Theorem 2 of Alliney and Ruzinsky [1]. We omit the
details here.

Remark 1: A slightly different result from Theorem 1 appeared in [8] on the
context of penalized regressions comparing bridge versus Lasso, where the theorem
is proved by mathematical induction on dimension p.

Remark 2: A more general result in the context of high dimensional generalized
linear models appeared in [17], where the detailed proof of the theorem is not given,
but it can be proved by formulating the target function as an equivalent constraint
maximum likelihood problem and characterization of corresponding conditions.

Remark 3: The key difference between our result and the ones in [8] and [17] is
that the dimension of parameters in our case (Theorem 1) is p + n which is greater
than sample size n by a constant p, whereas the dimension of parameters in [8] and
[17] is a fixed constant p.

4 A nonlinear backfitting algorithm

From the structure of equations of (4) and (5), we easily see that we can use an
iterative scheme to find the solutions. Here we propose the following algorithm:



(i) start with §° = 0.
(ii) At step k,

gF = (U'U)U'(w—6*71), ie., the ordinary least squares estimator given #*~1,
0" = T(w-Up")

iii)Repeat (ii) until 5% converges.
(i) Rep g

The above algorithm is in spirit similar to the iterative backfitting algorithm
[14] which is a general algorithm that enables one to fit an additive model using
any regression-type fitting mechanisms. In the usual backfitting algorithm, the
traditional linear smoother is used, while in our algorithm, the # is a nonlinear
function of the data, hence the nonlinear backfitting.

The proof of the convergence of the above nonlinear backfitting algorithm needs
further efforts. But numerical experiments as in the following simulation have been
very promising. Most of the time, the algorithm converges within 10 iterations.

Note that 8! is simply the ordinary least squares estimator. In the trivial case, if
|lw —UBY < A1, then 6! = 0 and 32 = 8%, and the (3 is simply the OLS estimator.
It means the 6 part should not be included into the model or A is so big that the 6
is penalized too much.

A Monte Carlo simulation based on the algorithm using the universal threshold
was carried out. For DWT, we used the Daubechies least-asymmetric orthonor-
mal compactly supported wavelet with 10 vanishing moments which is the default
wavelet for wavelet transform in WaveThresh3. All the calculations were carried
out in S-plus 3.4 for Unix on IBM RS/6000.

For the nonparametric component we select different functions f(t) = 9fo(t) with
maziepo1)fo(t) =1 and

(F1) fo(t) = 4.26(exp(—3.25t) — dexp(—6.5t) 4+ 3exp(—9.75t)),

422(3 — 4x), ifo0<z<0.5
(F2) fot) =< 22(42® — 1024+ 7) — 1.5), if 0.5 <z <0.75)
Lz —1)2, if0.75 <z <1

(F1) is a smoothing function that appeared in Schimek [23]. (F2) is a piecewise
polynomial with discontinuity that appeared in Nason [20]. They are plotted in
Fig (1)

For p = 2, we generated the z;; from N(0, 1) and z;5 independently from N (0, 1).
This was the same setting as in Heckman [15]. For each set of x;’s so chosen, we
simulated a white noise with ¢ = 1. The sample sizes are n = 128,256,512 and
1024. We assumed the knowledge of ¢ in computing the regularization parameter
Avv. Each simulated {(y;,x;,¢;),i = 1,...,n} was then used to estimate the true
B1, B2 and f(t) using the nonlinear backfitting algorithm. To eliminate effects that
might be attributable to a particular choice of the x;’s, we reselected the x;’s for
each simulation. We used the values for the regression coefficients 8; = 0.5 and
B2 = 1. For each setting and the four sample sizes 100 replicates were generated.
Thus we obtained 100 estimated (31’s and (2’s in each setting.

The box plots of the estimated regression coefficients Bl and [32 are in Figure 2.
From the box plots, we see that on average, we get fairly good estimates of 8; and
B2. Reduction of the range of estimates with growing sample size is clearly identified
in Figure 2.
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Figure 1: The Plots of fo(t)



The iteration usually finished in 3 or 4 steps for the simulated data. The conver-
gence criteria we used was that the norm of the absolute error(i.e., [|3**! — 3¥||)
was less than the prespecified precision 1074,
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Figure 2: Plots of the ¢ by nonlinear backfitting algorithm

5 Conclusion

To formalize the notion of sparsity of the discrete wavelet transform of functions
in a wide range of function spaces (such as Besov spaces), wavelet nonparametric
regression usually penalyzes the [; norm of the population wavelet coefficients. For
the regulariuzed wavelet regression estimates of partially linear model, we derived
the necessary and sufficient conditions for the minimum solution. Based on these
conditions, we developed an iterative algorithm similar to backfitting. The regular-
ization parameter is chosen by universal threshold or can be chosen by data-driven
method such as cross validation. The Monte Carlo simulation results confirmed
that the regularized wavelet estimators have good performance.

Further developments include methods for non-equally spaced designs. In the
wavelet nonparametric regression context, many approaches have been developed
to handle this situation. These methods are mostly based on interpolation or ap-
proximation, either in the original function domain or in the wavelet domain. Most
recently, Antoniadis and Fan [2] introduced the nonlinear regularized wavelet esti-
mators by using a large class of penalty functions. It will be of interest to entend
this regularized Sobolev interpolator to the partially linear models.



In the real world application, we are most likely to encounter correlated data.
Johnstone and Silverman [16] proposed level-dependent thresholdings for data with
correlated noise in the wavelet nonparametric regression. This can be naturally
extended to the partially linear regression settings. But it will be more computa-
tionally intensive.

In order to make inference about the linear coefficients, it is important to derive
the asymptotic distribution of the regularized estimators. It is also of interest to
study the asymptotic behaviour of the estimator for the nonparametric part. The
rate of convergence of these estimators is also an important research topic.
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