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Abstract

Body image experiments require a subject to give a binary response to a large number
of presented images. We use simulation to compare several data collection methods
based on experimental design theory in order to build an efficient sequential design for
a specific type of body image experiment.

1 Introduction

A distorted view of one’s body is regarded as a defining feature of anorexia nervosa (Amer-
ican Psychiatric Association, 1980). Many psychophysical experiments for estimating
body-image distortion have been proposed, (see for example, Lacey and Hart, 1985, Fries,
1977, Garfinkle et al. 1979). Watt and Andrews (1985) proposed an adaptive probit estima-
tion (APE) technique based on a local design with four points. Fonagy et al. (1990) showed
that APE is relatively free of systematic biases, due to psychological factors, that hampered
other objective technigues.

Gardner and Boice (2003) developed a portable, freely available software that runs a
variety of body image experiments based on the APE method. However, their implemen-
tation of APE isad hocand does not incorporate statistical design theory. A battery of
psychophysical tests are available in the software described in Gardner and Boice (2003).
Here we focus on the specific test geared toward estimating self-perception of body image.
The essence of the experiment is to present the subject with a sequence of digital photos
that have been distorted in the horizontal axis, and ask the subject for a binary response:
“Too thin” or “Too wide.” The collection of responses and distortion levels provide the
basis for estimating the subject-specific response curve via probit-regression. Of primary
interest is the “point of subjective equality” (PSE), and the “difference limen” (DL). The
PSE is frequently denoted by P50 in the psychology literaturefapdn the statistical
literature and is the point at which the subject responds “Too thin” and “Too wide” with
equal probability. The DL is also referred to as the sensitivity, and is related to the slope of
the probit curve. The DL is commonly estimated bys — L o5.

In this paper we use Monte-Carlo simulation to compare several designs for probit
estimation in order to make specific recommendations to improve the methodologies im-
plemented in the software of Gardner and Boice (2003) that will also be useful for other
psychophyscial experiments.



2 Statistical Theory

Experimental design for logistic/probit regression and sensitivity analysis is a topic with
deep statistical heritage. The up-and-down method of Dixon and Mood (1948) and Stochas-
tic Approximation method of Robbins and Monro (1951) are well known and asymptotic
results for these and other sequential designs are discussed at length in Wu (1985). The
reader is refered to Young and Easterling (1994) for a broad review of statistical method-
ologies for quantile estimation.

Khan and Yazdi (1988), show that a 2-point design is D-optimal for both probit and
logistic regression. These results were confirmed in a Bayesian setting by Chaloner and
Larntz (1989). Both of these articles suggest that locally D-optimal designs be used when
there is a lack of information about the true parameters. Sun and Tsutakawa (1997) give an
example of designs for logistic regression based on changing the usual criterion from the
typical expected posterior variance to one which penalizes for large prediction variances
as well. However, optimal designs in logistic and probit regression cases, as well as other
generalized linear models, depend on the parameters of the interest. Hence, the theory can
only act as a guide for the practioner.

To motivate the particular designs used below, we give a brief review of the theory.
Let ®(z) denote the cumulative distribution function for the standard normal distribution
let ¢(z) be the corresponding pdf. The typical probit model likelihood is of the form
LY, p,0) = [i_, ®(Z£)vi(1 — &(2£))(1-%), and the expected information in a
single observation; is:
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wherew(z) = W&(Z)) andz; = (x; — u)/o. The D-optimal design point for the
t + 1 observation is based on the minimizing the determinarhf+ Z; 1), where
Qt = 22:1 Iz M|n|m|2|ng det(Q;&l) = det(Qf) + w(zt+1)(1,zt+1)Qt_1(1,zt+1)T is
equivalent to maximizing the objective function

D(z) = w(z)(q12* — 2q122 + qo2) (2)

whereg;; is the(i, j) element 0fQ; andz,1 = p + zo.

In the special case where no initial design is available, we make the following hueristic
argument for a two-point design and refer the reader to Khan and Yazdi (1988) for more
powerful results. Restricted to sampling at only two points, the determinant of the infor-
mation matrix reduces to

D(z1,22) = w(z1)w(z2) (21 — 22)°. (©)]

By Jensen’s inequalityy(z1)w(z2) < (w(z1) + w(22))?/4 with equality if and only if
w(z1) = w(zq). Furthermore(z; — 22)? < (221)? for any z; with equality if and only
if z2 = —z,. Thus, the objective function is maximized when = —z; sincew is
symmetric about zero. When = — 2z, the objective function becomésw(z)z)? which
is maximized at ~ +1.138 and the two-point D-optimal design uses= i + 1.1380.
The sequential A-optimal point design minimizes the tracé@f + Z;.1) !, so the

objective function to minimize is:

qu1 + g22 + w(z)(1 + 2?)
Az) = . 4
) (1122 — ¢35) + w(2) (@122 — 2q122 + q22) @)




Thus, sequential A-optimal design points will minimiz€z). In the special case of a
two-point design with no other information, the objective function simplifies to

w(z1)(2f + 1) + w(ze)(23 +1)

Alz1,22) = w(z1)w(z2)(21 — 22)?

®)

Again by Jensen’s inequalityy/w(z1) (23 + D)w(22)(23 + 1) < w(z1)(22+1)+w(ze) (23 +
1) with equality if and only ifw(z;)2? = w(z2)z3, which by the symmetry of is equiv-
alent toz7 = 23. Arguing as in the D-optimal case for the denominator, we see that
A(z1, 22) is minimized if and only ifzy = —z5 in which case the objective function be-
comes(z? + 1)/(22%w(z)). Thus, the two-point A-optimal design uses= y 4 1.0900.

A Bayesian approach to the design is to find; that minimizes the posterior variance
of E(0|Yi+1,Y:) whereY,; = (Y1,...,Y;) and@ = (u, o). Note that

VE(0|Yir1, Yo)] = V(Yir) RE(0D (x40, 1,0)[ Y1) — E(0] Y1) (6)

and so the objective is to fingd,, ; that is a root of

/ / o (2@ (”t‘“) _ 1) (1, 0| ) dpudo 7

wherep(u, o|Y:) is the posterior distribution ofu, o) given data up ta. Note that if
Ter1 << fiz, then @ — 1) is positive foru ~ fi; where the posterior has high density.
Likewise, if x;11 >> fit, then @& — 1) is negative where the posterior has high density.
Thus, it is reasonable to assume that a root exists. We found that the posterior mean of
p(p, oY) is a reasonable estimate of the root.

The adaptive Robbins-Monro (Robbins-Monro, 1951) method uises= z; — c(y: —
p)/t to estimatel,, wherec is a constant. Robbins-Monro was designed for estimating the
guantile of an unknown curve, and in this case we have roughly equal interest in the three
quartiles. Chung (1954) showed that' = F’(L,) minimizes the variance of/n(z; —

L,). An asymptotically equivalent modification is to use! = max [min([?t,d),é}

whereBt is the usual least squares regression of the pbservayiools the locations:;
and the truncation is used to reduce the erratic behavigy.of

3 Simulation Study

In order to determine a reasonable strategy to program into the next version of the software,
we simulated data using 8 different scenarios. We assumed a normal distribution with mean
zero and variance 2 fqr and a gamma distribution with mean 1 and variance 1/4 as the
prior ono. These priors allow for fast and accurate estimates of integrals using Gauss-
Hermite and Gauss-Laguerre approximations. We determined efficacy of a method by
comparing MSE for the posterior moderat= 80, 120, and200.

We tested 2 variations each of the D and A optimal methods, two variarations of the
adaptive Robbins-Monro method (Robbins and Monro 1951, and Wu, 1985), an approxi-
mate minimization of the conditional variance as well as an approximate implementation
of the APE method in Gardner and Boice (2003) over a two-way complete factorial design.
The “true” values fop: were one of th€.01, .05, .10, .15, .25, .5) quantiles of the prior dis-
tribution for . ando was set to the (.05, .25,.5,.75,.95) quantiles from the prior distribution
of 0. These design points are shown in Figufe 3 along with the median denoted’by “
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Figure 1: The design points for the simulation are shown with tiesymbol, and the
median of the prior distributions with ank”. The dashed lines show the prior densities.

and dashed lines that show the density of the prior distributiopsasfdo. Four hundred
replicates at each of these 30 combinations were calculated for each of the eight methods.
The initial design is based on a random sample from the prior distributign fdo reduce
variability due to initial design, 400 random designs based on 20 points were fixed for each
of the 6 x 5 x 8 combinations we tested. The eight different experimental designs are
explicilty defined below.

D1. Findz:4, to minimize the determinant of the inverse-information mafrix (2) evalu-
ated at the posterior modg, 7).

D2. Use the local D-optimal design with 1 = /i; + 1.1386 andxy, 0 = ji; — 1.1386
asin[3).

Al. Findz,, to minimize the trace of the inverse information matfik (4) usipgeval-
uated at the posterior mode.

A2. Use the local A-optimal design with.,; = /iy + 1.096 andx;, o = iy — 1.096 as
in (9).
R1. Use the Robbins-Monro method with three design points where
et =0 ((x—u)/5) /o
Tiy1 = T2 — (Y2 — 1/4)cr/t
Tipo =1 — (Ye—1 — 1/2)cy /L
Ti43 = Tt — (yt — 3/4)Ct/t

R2. Use the Robbins-Monro method with three design points where
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and the updates are as in R1.

Chooser;,; to minimize the variance of the conditional expection where the inte-
grals of [§) are estimated by Gauss-Hermite and Gauss-Laguerre approximations;

2t Z;’L:l {2 ® (rt%]_m) - 1} 1i0 5 L(Yi|pi, 05 )wiv;

D iy iy L(Yelpis o) wiv;
whereo; = r;/4 andp; = z;/V/2, r;,v; are the roots and associated weights for
the Gauss-Laguerre approximation, andw; are the roots and associated weights

for the Gauss-Hermite approximation. For speed in the simulations, wewsed
andn = 3 this likely affected the efficiency of the procedure.

8

An approximation of the algorithm in the software of Gardner and Boice (2003). The
algorithm starts with an initial design by replicating 4 design points 10 times each.
Thek+1 block of design points are determinedfy_1+5,—1(—1.35, —.45, .45, 1.35).
The multipliers(—1.35, —.45, .45, 1.35) are based on the suggestion given by Watts
and Andrews (1985). The’" block estimate of: andc is (i, &), the solution to the

the nonlinear least-squares problem with objective function

3 fos e (2] ©

i=1j

wherep;; = Zio:l yijx/10 and . and o are restricted to be within a tolerance
of up_1 andoy_; respectively. Foiiy and 5y we use the medians of the prior
distributions.

Results

Figure[4 shows contours of the estimated RMSE for estimating the meamg the eight
different methods witlh = 200. Figure[4 is a similar plot for estimating and Figurg
shows,/MSE, + MSE,. From these plots and Tat@a 4 there is little difference in the
MSEs for the locally D-optimal and locally A-optimal designs. This is because in these
cases the locally optimal sampling points argat 1.1386 andj: + 1.0905.

We further note that sequentiallyj-optimality is generally more efficient thab-
optimality. This is particullaly true at the early stages < 100) when the uncertainty
in estimates of: ando is high. We speculate that this difference is due to the factdliat
in (@) has a denominator that can “standardize” gross errors due to estimation, whereas

D(z)

in @) has no such standardization.

Tabl€g[4 shows the average rank of the MSEs of the eight method for estimatirand
the average rank of the sum of these MSE's. The average is taken over all 30 design points
shown in Figur¢ 3 and each MSE is calculated via simulation with the 400 replicates. Low
ranks correspond with low MSE.

We also found that in many cases the sequential A-optimal designs were essentially
trying to emulate the locally A-optimal two-point designs. Figufe 4 shows the design lo-
cations for21 < n < 200 for the sequential A-optimal design denoted Ayand for the
locally A-optimal 2 point desigr for the case whem = —0.906 ando = 0.634. The
dashed lines show the optimal levels for sampling based on knowledgerato.
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Figure 2: Contours of RMSE after 200 observations as a functignasfdo for the eight
methods tested (Sectiph 3).
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Figure 3: Contours of RMSE after 200 observations as a functignasfdo for the eight
methods tested (Sectiph 3).
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80 || 6.23 | 287 | 3.10 | 2.67 | 6.57 | 6.87 | 4.00 3.70
120|| 6.47 | 260 | 3.17 | 260 | 6.43 | 7.07 | 4.07 3.60
200 6.77 | 267 | 323 | 290 | 6.43 | 7.10 | 3.87 3.03

(o

n D1 Al D2 A2 R1 R2 VC GB
80 || 407 | 197 | 207 | 273 | 530 | 547 | 6.40 8.00
120 537 | 1.87 | 197 | 257 | 6.23 | 6.43 | 7.33 4.23
200 583 | 1.60 | 2.00 | 247 | 6.07 | 6.67 | 7.30 4.07

Sum
[ n[[DIL]AL [ D2 | A2 [ RL | R2 | VC | GB |
80 473 | 1.67 2.10 237 | 533 | 577 6.03 8.00

120 597 | 167 | 227 | 233 | 6.33 | 6.67 | 6.90 3.87
200 6.13 | 1.70 | 2.20 | 2.27 | 6.23 | 6.80 | 6.73 3.93

Table 1: Average Rank of MSE for estimatipge and the average rank of the sum of these
MSE’s. The average is taken over all 30 design points shown in Higure 3 and each MSE is
calculated via simulation with 400 replicates. Low ranks correspond with low RMSE.
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Figure 5: The design points for the locally A-optimal design are shown withdheym-
bol, and the sequential A-optimal design points are shown sitlshere the initial design
is a random from the prior distribution @¢fandy = —0.906 ando = 0.634. The dashed
lines show the true A-optimal two-point design location.



5 Discussion

We have shown that locally optimal designs based on either D or A-optimality are efficient
for binary response experiments aimed at estimating probit parameters. Implementing these
designs for real-time data collection is with the modern computing abilities.

There is much to be done in the area of statistical design for body image testing. In
this paper, and those referenced herein, design problems are formulated under the hypoth-
esis that observations are indepedent. While this is certainly the case in many studies, it
is clearly not so in body image testing. A more sophisticated model which incorporates
learning and dependence among repsonses is needed.
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