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Abstract

In the environmental sciences, receptor models are used to evaluate the contribution

of various pollution sources to the air composition at a location. Using pollution

source pro�les, pro�le uncertainties, and measurement error variances, the chemical

mass balance (CMB) model can be �t in order to partition the ambient pollutants

measured at the receptor into a collection of source contributions. We discuss the

use of the CMB model for the analysis of a multivariate time series of air quality

measurements, and we consider estimation and inference procedures which account

for the multiple sources of correlation in the data. Using computer simulation,

approaches are compared under various scenarios in which standard model assump-

tions are violated.

1 Introduction

Receptor modeling involves the analysis of ambient pollutant concentrations in order

to partition pollutants observed at a receptor to their sources. The desired intent of

receptor modeling is to assist in the implementation and evaluation of air pollution

control programs. For example, a government agency may be interested in making

conclusions such as \X% of ambient lead particulates observed at the location of

interest is due to auto emissions."

The principle of conservation of mass underlies most of the analysis approaches

used in the receptor modeling. For example, the amount of lead particulates ob-

served at a receptor is assumed to be the simple sum of the contributions from

sources such as auto exhaust, industrial emissions, lead smelters, etc. Thus, the

amount of the ith species (ci) is modeled as a linear combination of contributions

from k pollution sources

ci =

kX
j=1

aijsj ; i = 1; :::; p; (1)

where sj is the mass contribution of source j to the atmosphere at the receptor, and

(a1j ; :::; apj); j = 1; :::; k, represents the composition or \pro�le" of the jth source,

with aij taking values in [0,1] and
Pp

i=1 aij � 1. Mass balance models based on

(1) were introduced by Miller, Friedlander, and Hidy (1972) and Winchester and

Nifong (1971). For the case where the number of observed pollutants (p) exceeds

the number of sources (k), the model may be written

c = A s+ e (2)

where c is a p-vector of ambient species, A is a p � k source pro�le matrix with

the jth column describing the composition of the jth source, and e is a p-vector of

errors.
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Figure 1: Hourly ambient measurements for 6 volatile organic compounds.

An example of ambient data used for receptor modeling is the El Paso volatile

organic compound (VOC) concentrations shown in Figure 1. These data include

hourly measurements of over 50 VOCs. From the plots for acetylene and ethylene,

it is apparent from the temporal dependence structure that these VOCs have one

or more sources in common. In fact, it is known that acetylene and ethylene are

originating in great part from auto exhaust|note the peaks corresponding to week-

day morning and weekday evening rush hour. In estimating the hourly pollution

source contributions from these data, we would like to use both the source pro�le

information and the observed dependence structure in the ambient observations.

Although (2) is widely used in the receptor modeling literature, the name of

this model varies, depending on what is known about the pollution source pro�les.

When the pro�le matrixA is assumed known, (2) is often referred to as the chemical

mass balance (CMB) model. Friedlander (1973) used a least squares �t to obtain

estimates of pollution source contributions from the CMB model, and numerous

analyses of pollution data have been conducted using regression methods (e.g.,

Gatz, 1975; Mayrsohn and Crabtree, 1976; Kowalczyk, Choquette, and Gordon,

1978). However, when little or nothing is known about the number and nature of

the pollution sources, (2) has been viewed as a factor analysis model. For such cases,

the researcher is interested in simultaneously estimating the pollution source pro�les

(which take the role of \factor loadings") and the pollution source contributions

(which take the role of \factor scores"). See, e.g., Thurston and Spengler (1985),

Koutrakis and Spengler (1987), and Henry, Lewis, and Collins (1994). Note that

while only a single ambient observation is needed to estimate s in the CMB setting,
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Figure 2: A classi�cation of approaches for estimating pollution source contribu-

tions using receptor models. On the far left, little is known about the number and

nature and pollution sources. On the far right, \perfect" knowledge about the pol-

lution sources is available. Approaches for estimating pollution source contributions

depend upon the location on the continuum of pro�le knowledge.

multiple ambient observations are required to estimate the parameters of the factor

analysis model.

In practice, the amount of information about the pollution sources varies from no

knowledge to well-accepted knowledge about the processes of interest. For varying

degrees of certainty about the nature of pollution processes, di�erent models and

model-�tting approaches have been proposed. In addition to those discussed above,

other approaches include con�rmatory factor analysis (Yang, 1994; Gleser, 1997;

Christensen and Sain, 2000), Bayesian analysis (Park, Guttorp, and Henry, 2000;

Park, Oh, and Guttorp, 2000), and measurement error modeling (Watson, Cooper,

and Huntzicker, 1984). An illustration of the spectrum of approaches for receptor

modeling is given in Figure 2.

In the present discussion, we consider the CMB model to be a measurement

error model, with each element of A known up to a measurement error with known

variance. Hence, we write the model

c = A s+ e

~A = A+U (3)

where Varfeg = Vc and Varfvec Ug = VA. In Section 2, we review the \e�ec-

tive variance" solution to model (3) and discuss potential problems when using this
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approach when the ambient data consist of multiple temporally-correlated observa-

tions. In Section 3 we introduce multivariate estimators which account for temporal

dependence. Section 4 discusses a simulation study used to assess the properties of

the proposed estimators.

2 The e�ective variance solution

In the in
uential work of Watson, Cooper, and Huntzicker (1984), the authors

employ an \e�ective variance" weighted least squares approach for �tting the mea-

surement error model (3). The approach is implemented in the United States Envi-

ronmental Protection Agency's EPA-CMB8.2 program (EPA, 2000). The e�ective

variance solution of Watson, Cooper, and Huntzicker (1984) is a simpli�cation of

the generalized least squares solution of Britt and Luecke (1973) and estimates the

k-vector s using: the ambient measure c, an initial source pro�le matrix estimate
~A, and estimates of the measurement error variances and source pro�le error vari-

ances (Vc and VA, respectively). Both Vc and VA are diagonal matrices. The

EPA-CMB8.2 algorithm is given in Watson, Cooper, and Huntzicker (1984), which

gives formulas for most of the quantities of interest in either summation form or

one-column-at-time form. For simplicity of discussion and ease of computational

implementation, we give the algorithm written in matrix form. Throughout the

paper we use the standard matrix notations \
" (denoting the kronecker product)

and \vec," where vecX = (x0
1
; :::;x0n)

0 for any matrix X with columns x1; :::;xn.

EPA-CMB8.2 Algorithm

Step EPA.0|Initialize:

~A(0) = ~A and s(0) = 0

Step EPA.1|Update \e�ective variance":

V
(i)
e = Vc + diag

n�
s
(i)0 
 Ip

�
VA

�
s
(i) 
 Ip

�o

Step EPA.2|Update s(i):

s
(i+1) = s

(i) +

�
~A(i)0

�
V
(i)
e

�
�1

~A(i)

�
�1

~A(i)0
�
V
(i)
e

�
�1 h

c� ~As
(i)
i

Step EPA.3|Update ~A(i):

vec ~A(i+1) = vec ~A(i) +VA

�
s
(i) 
 Ip

� �
V
(i)
e

�
�1

�"
Ipn �

�
In 
 ~A(i)

���
In 
 ~A(i)0

��
V
(i)
e

�
�1 �

In 
 ~A(i)
���1

�

�
In 
 ~A(i)0

��
V
(i)
e

�
�1
�h
c� ~As

(i)
i

Note that when A is measured without error, the optimal weight matrix for the

generalized least squares estimation of s is simply Vc = Varfeg. However, when A
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is measured with error, the optimal weight matrix for the generalized least squares

estimation of s is the \e�ective variance" of c, denoted Ve = Varf ~As + eg. The

e�ective variance incorporates uncertainty due to both measurement error (Vc) and

pro�le error (VA).

If we omit the update of ~A(i) in Step EPA.3 and iterate Steps EPA.1-2 until

max
j=1;:::;k

 
s
(i+1)
j � s

(i)
j

s
(i)
j

!
< :01; (4)

we denote the estimate sEPA, where the \EPA" subscript refers to the EPA-CMB8.2

program. Note that when the update of ~A(i) in Step EPA.3 is omitted, the estimate

of s(i+1) in Step EPA.2 simpli�es to

s
(i+1) =

�
~A0

�
V
(i)
e

�
�1

~A

�
�1

~A0

�
V
(i)
e

�
�1

c:

When Steps EPA.1-3 are iterated until convergence, we denote the estimate ~sEPA,

where the tilde indicates that the estimator updates ~A in each iteration. This is the

estimate obtained when the \Britt and Luecke" option is selected in EPA-CMB8.2.

Statistical inference for sEPA or ~sEPA can be carried out using using

Var
n
s
(i+1)

o
=

�
~A(i)0

�
V
(i)
e

�
�1

~A(i)

�
�1

:

3 The multiple ambient measures scenario

We consider now the scenario in which we have n temporally-correlated ambient

observations (c1; :::; cn) and are interested in estimating the associated pollution

source contributions (s1; :::; sn). We write our model

C = A S+E

~A = A+U (5)

where C is a p�n matrix with columns c1; :::; cn, S is a k�n matrix with columns

s1; :::; sn, and E is a p� n matrix with columns e1; :::; en. Also, VarfvecEg = VC,

and VarfvecUg = VA. Note that even when A is measured without error (U = 0),

model (5) has a di�erent form than the classical multivariate multiple regression

model. For example, our dependent variable matrix C has each observation in a

separate column, so obtaining an additional observation has no e�ect on the predic-

tor variable matrix A but results in an additional column of regression coeÆcients

in S. Thus, when the n observations are independent and identically distributed,

Varfvec Eg = In 
�, where � = Varfetg; t = 1; :::; n. Then, unlike the standard

multivariate multiple regression scenario, the ordinary least squares estimator of S

is not the best linear unbiased estimator for the IID sample setting. Rather, for the

case where U = 0 and observations are independent, the BLUE for S is

Ŝ =
�
A
0
�
�1
A
��1

A
0
�
�1
C: (6)

Two of the pivotal CMB model assumptions (Watson, Chow, and Pace, 1991)

are: (i) measurement errors are random, uncorrelated, and normally distributed,
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and (ii) chemical species do not react with each other (i.e., they add linearly). Sev-

eral potential drawbacks exist when using the EPA-CMB8.2 algorithm to estimate

pollution source contributions from multiple ambient measurements such as the El

Paso data illustrated in Figure 1. First, although the EPA-CMB8.2 algorithm as-

sumes no correlation among measurement errors, in practice the p ambient species

are collected (and often measured) simultaneously. Thus one might be concerned

by the e�ect of measurement error correlations among the species. Second, because

of meteorological e�ects and because the species often do chemically react in the

atmosphere, there may exist a temporally-correlated component in the error term.

Third, because the columns of S constitute a k-variate time series process, when

there is error in estimating A, the �tted model will include a temporally-correlated

error component represented by T in

C = ~A S+
�
A� ~A

�
S+E

= ~A S+T+E:

Thus, we wish to develop an estimator which accounts for both multivariate and

temporal correlations when estimating S and carrying out statistical inference.

We noted in the previous section that estimating the vector s from a single

ambient observation c via the EPA-CMB8.2 algorithm is similar to a generalized

least squares estimation of s using the e�ective variance of c as the weight matrix.

We now consider generalizations of the e�ective variance solution which account for

multiple temporally-correlated ambient observations. To do this, we �rst make an

assumption about Varfvec Eg which facilitates an iterative estimation procedure

that separately accounts for the multivariate and temporal dependencies in the

data. Speci�cally, we assume covfet; et+hg = ��(jhj) �, where ��(�) is a univariate

correlation function and � = Varfetg; t = 1; :::; n. Making this assumption about

the error process implies

VarfvecEg = P
� (7)

where P = (�ij)i;j=1;:::;n, and �ij = ��(ji � jj). Similar assumptions have been

used in the analysis of multivariate dependent data (see, e.g., Mardia, 1984) and

is similar to the separability assumption used in the modeling of spatio-temporally

correlated data (see, e.g., Rodriguez-Iturbe and Mejia, 1974). While constraining

the error process to satisfy (7) may often be unjusti�ed, we consider its use as a

tool for approximating the complex multivariate and temporal dependencies among

observations. In the simulation study of Section 4, we show that even when model

(7) is not correct, using it to evaluate the correlation structure still yields good

statistical properties in terms of eÆciency of estimation and validity of inference.

3.1 Estimation of S assuming A is known

We �rst consider an estimator for S in (5) for the case in which U = 0. That is, we

assume ~A = A is known. For this case, we note that the model (5) can be written

as

vecC = (In 
A) vec S+ vecE;

and the e�ective variance of vecC is simply

Ve = VarfvecEg = P
�:
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So, the generalized least squares estimator for S is

vec �S =
h�
In 
 ~A0

�
(P
�)

�1

�
In 
 ~A

�i
�1 �

In 
 ~A0

�
(P
�)

�1
vecC

=

�
In 


�
~A0
�
�1 ~A

�
�1

~A0
�
�1

�
vecC

or

�S =
�
~A0
�
�1 ~A

�
�1

~A0
�
�1
C: (8)

Note that whenA is known and (7) holds, the generalized least squares estimator for

the time series S (8) is identical to the estimator (6) for the independent observation

case. The fact that (8) is free of P facilitates a simple estimation procedure. While

we realize that the U = 0 assumption will rarely hold in practice, we might expect

an estimator based on (8) to perform reasonably as a potential estimator because of

its simple form. However, we would not expect that inference based on an estimator

of

Var
n
vec �S

o
= P


�
~A0
�
�1 ~A

�
�1

would be valid because of the source pro�le error U. So, to carry out inference for

(8) we use instead the \sandwich formula"

Var
n
vec �S

o
= (In 
M)V�

e (In 
M
0) (9)

where M =
�
~A0
�
�1 ~A

�
�1

~A0
�
�1 and

V
�

e = P
�+
�
�S0 
 Ip

�
VA

�
�S
 Ip

�
:

An iterative algorithm for obtaining (8) and (9) is given below.

Algorithm I

(for obtaining (8) and (9))

Step I.0|Initialize:

�
(0)|{z}

p�p

= (�
(0)

`m) =
1

n

nX
t=1

Vct

where

VC =

2
64
Vc1 0

. . .

0 Vcn

3
75

Step I.1|Update �S(i):

�S(i+1) =

�
~A0

�
�
(i)
�
�1

~A

�
�1

~A0

�
�
(i)
�
�1

C

Step I.2|Update �(i):
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R|{z}
p�n

= C� ~A S
(i+1)

�R =
1

n

nX
t=1

Rt

H|{z}
p�p

=
1

n� 1

nX
t=1

(Rt � �R)(Rt � �R)0

�H = (�h`m) = Q

2
666666664

�1 0

. . .

�p�k

�p�k

. . .

0 �p�k

3
777777775
Q
0;

where Q = [ Q1|{z}
p�(p�k)

Q2|{z}
p�k

] and (�1; :::; �p�k; 0; :::; 0) are the eigenvectors

and ordered eigenvalues of H.

�
(i+1) = �H+

2
664

maxf(�
(0)

11
� �h11); 0g 0

. . .

0 maxf(�
(0)

pp � �hpp); 0g

3
775

Step I.3|Obtain estimate of P:

�e|{z}
1�n

=
1

p� k
1
0

p�k

2
664

�
�1=2
1

0

. . .

0 �
�1=2

p�k

3
775Q0

1
R

Model �(�) using �e and construct P̂ = (�̂ij); i; j = 1; : : : ; n, where

�̂ij = �̂(ji� jj). (E.g., let �(�) be an AR(1) correlation function.)

Note that the estimated error matrix R in Step I.2 has rank p � k. So, the

covariance matrix H has only p � k nonzero eigenvalues. The adjusted estimate
�H is a full rank matrix with its smallest k + 1 eigenvalues equal to the smallest

nonzero eigenvalue of H. To lend stability to the algorithm (particularly in the

�rst few iterations), the p diagonal elements of �(i+1) are constrained to be no

less than the corresponding average measurement error variances �
(0)

`` ; ` = 1; : : : ; p,

calculated in Step I.0.

Because the updated estimates of S and � in Steps I.1 and I.2 are free of P,

we only have need to iterate these two steps until convergence to obtain the �nal

estimate which we denote �SV, where the \V" subscript denotes the use of a full

variance-covariance matrix weight in the GLS estimation of Step I.1 and the double

dots indicate the estimator ignores the source pro�le error. After obtaining �SV and
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a �nal estimate of �, we then proceed to estimate P in Step I.3. Hypothesis tests

and con�dence intervals based on SV may be constructed using

��V =
�
In 
M

(i)
�
V
�(i)
e

�
In 
M

(i)0
�

(10)

as an estimator for (9), where

M
(i) =

�
~A0(�(i))�1 ~A

�
�1

~A0(�(i))�1

and

V
�(i)
e = P
�

(i) +
�
�S(i+1)

0


 Ip

�
VA

�
�S(i+1) 
 Ip

�
: (11)

As an alternative to �SV, we also consider substitutingD
(i) = diagf�(i)g in place

of �(i) in the GLS estimation of Step I.1. We refer to this simpler estimator as �SD,

where the \D" subscript refers to the use of a diagonal weight matrix. Statistical

inference for SD can be carried out using

��D =
�
In 
M

(i)
�
V
�(i)
e

�
In 
M

(i)0
�

(12)

as an estimator for (9), where V
�(i)
e is de�ned as in (11) but with

M
(i) =

�
~A0(D(i))�1 ~A

�
�1

~A0(D(i))�1:

3.2 Estimation of S when A is unknown

When the source pro�le measurement ~A is known to be contaminated by source pro-

�le errors with known variances as in (5), one can formulate a multiple-observation

e�ective variance solution by �rst de�ning the \e�ective variance" of vecC as

Ve = P
�+ (S0 
 Ip) VA (S
 Ip) :

Then, the GLS estimator for S is

vec Ŝ =
�
(In 
A

0)V�1

e (In 
A)
��1

(In 
A
0)V�1

e (vecC) (13)

and

Var
n
vec Ŝ

o
=
�
(In 
A

0)V�1

e (In 
A)
��1

: (14)

An iterative algorithm for obtaining (13) and (14) is given below.

Algorithm II

(for obtaining (13) and (14))

Step II.0|Initialize:

S
(0) = 0; ~A(0) = A; and V(0)

e = (v
(0)

lm ) = VC

Step II.1|Update S(i):

9



vec S(i+1) = vec S(i) +

��
In 
 ~A(i)0

��
V
(i)
e

�
�1 �

In 
 ~A(i)
���1

�

�
In 
 ~A(i)0

��
V
(i)
e

�
�1

vec
h
C�AS

(i)
i

Step II.2|Update �(i) and P(i) (as in Steps I.2-3 of Algorithm I)

Step II.3|Update V
(i)
e :

G = (glm) = P
(i+1) 
 �H

V
(i+1)
e = G +

2
664

maxf(v
(0)

11
� g11); 0g 0

. . .

0 maxf(v
(0)

pp � gpp); 0g

3
775

+
�
S
(i)0 
 Ip

�
VA

�
S
(i) 
 Ip

�

Step II.4|Update ~A(i):

vec ~A(i+1) = vec ~A(i) +VA

�
S
(i+1) 
 Ip

��
V
(i+1)
e

�
�1

�"
Ipn �

�
In 
 ~A(i)

���
In 
 ~A(i)0

��
V
(i+1)
e

�
�1 �

In 
 ~A(i)
���1

�

�
In 
 ~A(i)0

��
V
(i+1)
e

�
�1
�
vec
h
C�AS

(i+1)
i

In Algorithm I, it was not necessary to estimate P until after the estimate of S

was obtained. However, in Algorithm II (Step II.2), we are required to update P(i)

in each iteration since it is involved in the calculation of V
(i+1)
e in Step II.3.

The update of ~A(i) in Step II.4 can be omitted in the interest of algorithmic

stability. That is, we can let ~A(i) = ~A(0), for i = 1; 2; :::. We denote SV to be

the estimator obtained by iterating Steps II.1-3 until convergence, where the \V"

subscript denotes the use of a full e�ective variance matrix weight in the GLS

estimation of Step II.1. Iterating Steps II.1-4 until convergence of S(i) yields the

estimator ~SV, where the tilde denotes the update of ~A
(i) in each iteration.

As alternatives to SV and ~SV, we also consider substitutingD
(i) = diagfV

(i)
e g in

place ofV
(i)
e in the GLS estimation of Step II.1. We refer to the resulting estimators

as SD and ~SD, where the \D" subscript refers to the use of a diagonal weight matrix.

Statistical inference procedures for SV or ~SV can be constructed using

�V =

��
In 
 ~A(i)0

��
V
(i)
e

�
�1 �

In 
 ~A(i)
���1

(15)
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as an estimate of (14). Inference for SD or ~SD can be carried out using

�D =M
(i)
V
(i)
e M

(i)0 (16)

as an estimate of (14), where

M
(i) =

��
In 
 ~A(i)0

��
D
(i)
�
�1 �

In 
 ~A(i)
���1 �

In 
 ~A(i)0
��

D
(i)
�
�1

4 Simulation Study

In order to compare the new estimators (�SV, �SD, SV, SD, ~SV, and ~SD) with the ex-

isting estimators (SCMB and ~SCMB), we consider the simulation of a simple airshed

using source pro�les obtained from Javitz, Watson, and Robinson (1988). Table 1

gives the source pro�le matrix (A) with columns corresponding to pollutants from

soil, a coal-�red power plant, vehicle exhaust, and wood burning. Measurements of

the 17 ambient elements were generated for each of 25 \days," assuming that the

average daily source contribution to the air at the receptor is 5 �g=m�3 for each of

the pollution sources. Thus the model from which the data were generated is

C|{z}
17�25

= A|{z}
17�4

S|{z}
4�25

+

Ez }| {
W +Eme

~A = A+U

(17)

The columns of S constitute a 4-variate time series with each element of the mean

vector equal to 5 �g=m�3. The columns of W constitute a zero-mean 17-variate

time series representing a temporally-correlated error component in addition to the

error Eme associated with the ambient measurements. Such aW process may exist

due to meteorological e�ects or interactions among the chemical species.

The (i; j) element of the source pro�le error matrix ( ~U) was generated from a

normal distribution with zero mean and standard deviation equal to `� aij , where

aij is the corresponding element of A. In our simulations, ` took on values in (0.1,

0.5). The S process was generated as a lognormal multivariate AR(1) process with

mean vector of (5; 5; 5; 5)0 and AR(1) coeÆcient matrix of

�S = 0;

2
664

:3 0 0 0

0 :6 0 0

0 0 :7 0

0 0 0 :4

3
775 ; or

2
664

:1 :1 :1 :1

:1 :3 :1 :1

:1 :1 :4 :1

:1 :1 :1 :1

3
775 :

Note that each of the latter two possibilities for �S results in observed data for

which the factorization assumption (7) does not hold. Notwithstanding, it will

be illustrated that estimators and associated inference procedures based on (7) still

performed well under all choices for�S. The coeÆcient of variation for each element

of St is equal to 0.5. (That is, the standard deviation for each element of St is 2.5.)

Because di�erent pollution source contributions tend to be correlated, we generate

disturbances (St��SSt�1) for the pollution source contributions that have pairwise

correlations equal to 0.5.

The 17-variate W process was generated as a zero-mean, lognormal multivari-

ate AR(1) process with structure similar to the 4-variate S process. The standard
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Element Soil
Coal-�red
power plant

Vehicle
exhaust

Wood
burning

OC 0.04 0.01 0.407 0.475

EC 0.005 0.005 0.222 0.128

Al 0.0783 0.146 0.0004 0.00021

Si 0.305 0.219 0.001 0

Cl 0.00032 0.00052 0.022 0.00509

K 0.0282 0.0122 0.0001 0.0086

Ca 0.0287 0.0121 0.0005 0.00067

Ti 0.00474 0.0087 0 0

V 0.000095 0.00068 0 0

Cr 0.000070 0.00062 0 0

Mn 0.00069 0.00043 0.0011 0

Fe 0.0354 0.0809 0.0014 0

Ni 0.000044 0.00039 0 0

Cu 0.000030 0.00029 0 0

Zn 0.000060 0.00067 0.001 0.00037

Br 0.000003 0 0.0243 0

Pb 0.000015 0.00042 0.0815 0

Table 1: Pollution source pro�le matrix (A). From Javitz, Watson, and Robinson

(1988).

deviation of each element of Wt was equal to m times the corresponding element

of AS, where m took on values between 0 (equivalent to no W process) and 0.2.

The standard deviation of each element of Eme was set equal to q times the cor-

responding element of AS, where q took on values in (0.05, 0.3). Because the p

ambient species collected at the receptor are often measured simultaneously (e.g.,

using gas chromatography or x-ray 
uorescence methods), we consider correlated

measurement errors by setting each pairwise intercorrelation to a value in (0, 0.3).

After a series of observations C and an estimated source pro�le matrix ~A are

generated, each of the estimators of S was obtained. In keeping with the stan-

dard metrics in the receptor modeling literature, we evaluate the goodness of each

estimator using the Average Absolute Error (AAE) of Ŝ:

AAE(Ŝ) =
1

kn

kX
j=1

nX
t=1

jŜjt � Sjtj

Sjt

:

Because we are also interested in statistical inference properties, we consider also

the average coverage probability for the elements of Ŝ when using nominal 95%

con�dence intervals. In the discussion below, we report the AAE and coverage,

averaged over all replications of the simulation study.

Several trends were apparent from the simulation results. First, the new esti-

mators that update A(i) in each iteration (~SV and ~SD) perform much worse than

the non-updating estimators SV and SD. In fact, we exclude ~SV and ~SD from

our discussion at this point because of their inability to compete with the other

estimators. Second, the estimators using diagonal weight matrices in the GLS es-

timation (�SD and SD) generally outperform the estimators using a full covariance

matrix weight. Finally, the new estimators (particularly �SD and SD) signi�cantly

outperform the current standards (SEPA and ~SEPA) when: (i) the source pro�le

errors U were large, (ii) a temporally-correlated error component (W) exists, and

12



m.e. corr's = 0 m.e. corr's = 0.3

AAE*

for Ŝjt

Coveragey

for Ŝjt

AAE*

for Ŝjt

Coveragey

for Ŝjt

SCMB 0.55 0.87 0.57 0.86
~SCMB 1.89 0.77 2.44 0.77
�SD 0.34 0.95 0.36 0.94
�SV 0.33 0.98 0.35 0.98

SD 0.42 0.94 0.44 0.94

SV 0.53 0.75 0.54 0.74

* Average Absolute Error (expressed as proportion of true value)

y Nominal 95% con�dence interval

Table 2: Performance of estimators when source pro�le error variances are large

(standard deviation of each source pro�le error uij equals 0:5� aij).

(iii) correlations among pollution source contributions are large, e.g.,

�S =

2
664

:1 :1 :1 :1

:1 :3 :1 :1

:1 :1 :4 :1

:1 :1 :1 :1

3
775 :

In all scenarios considered, the existing estimators SEPA and ~SEPA never signi�-

cantly outperform the new estimators.

Tables 2 and 3 illustrate typical cases in the simulation. For the results in

Table 2, the standard deviation of each source pro�le error uij equals 0:5� aij ,

�S =

2
664

:3 0 0 0

0 :6 0 0

0 0 :7 0

0 0 0 :4

3
775 ;

the standard deviation of each element of Eme is equal to 0.1 times the corresponding

element of AS, and no temporally-correlated error component W is included. We

note that the multivariate estimators are more eÆcient than the existing estimators

when source pro�le error variances are large. Additionally, the coverage probability

is near the nominal for �SD, �SV, and SD, while the coverage for SEPA and ~SEPA is

well below the nominal.

Table 3 illustrates the performance under a similar scenario, but with small

source pro�le error standard deviations (uij equals 0:1 � aij), and slightly larger

ambient measurement errors (the standard deviation of each element of Eme is equal

to 0.3 times the corresponding element of AS). In this scenario, �SD, �SV, and SD
are only slightly more eÆcient than SEPA and ~SEPA, but the coverage probabilities

are better for the multivariate estimators.
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m.e. corr's = 0 m.e. corr's = 0.3

AAE*

for Ŝjt

Coveragey

for Ŝjt

AAE*

for Ŝjt

Coveragey

for Ŝjt

SCMB 0.35 0.77 0.31 0.80
~SCMB 0.35 0.78 0.31 0.80
�SD 0.28 0.94 0.27 0.94
�SV 0.31 0.85 0.28 0.92

SD 0.29 0.88 0.27 0.85

SV 0.35 0.68 0.30 0.72

* Average Absolute Error (expressed as proportion of true value)

y Nominal 95% con�dence interval

Table 3: Performance of estimators when source pro�le error variances are small

(standard deviation of each source pro�le error uij equals 0:1� aij).

5 Conclusion

Many pollution source apportionment studies use multiple measurements which

are correlated in time (and space). These correlations should be exploited when

estimating S, and must be properly accounted for when carrying out inference for

S. In this paper, we consider the use of an error covariance matrix factorization

which allows the multivariate and temporal correlations to be estimated separately

in an iterative algorithm. The multivariate estimators proposed appear to be more

eÆcient than existing estimators, and associated con�dence intervals have coverage

probabilities that are closer to the nominal con�dence level.
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