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Abstract. Under two cost growth indices, annual absolute and relative cost growth, probability models 
were constructed for basis functions of NASA’s different technology readiness levels by using  Johnson’s 
four parameter family of bounded, unbounded, or lognormal distributions. In addition, statistical prediction 
models were built for the programs. The result of this research showed that the program’s annual absolute 
cost growth was estimated to grow at a rate of 5.9% of the program’s initial cost estimate with a standard 
error of 0.3%, while the program’s annual relative cost growth was estimated to grow at a rate of 1.6% of 
the weighted average of technology readiness level from the program’s components with a standard error of 
0.3%. 
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1. INTRODUCTION 
 
     The goal of this paper is to build probability and statistical models for the cost growth of NASA’s 
programs. To build probability models for the program, our approach which basically followed along the 
same line used in the COMPRE (Complex Organizational Metric for Programmatic Risk Environment) 
model was to construct basis functions for different levels of technology maturity of the program’s 
subsystems/components. The idea of COMPRE model was to break down the whole program into 
subsystems/components and then rated the technology maturity of each subsystem/component using a scale 
of 1 to 9 of NASA’s Technology Readiness Levels (TRL’s), where 1 and 9 represents the lowest and 
highest degree of the technology maturity (see Table 1). COMPRE model was developed by L. D. Thomas 
and R. A. Mog with an intention to serve as a decision making tool for the NASA’s program managers 
(Mog 1997, SAIC 1997). Mog (1977) adopted the schedule duration as an indirect measure of the cost 
growth and used the family of exponential functions to construct the basis functions for different TRLs. In 
this paper we took a totally different approach. We first proposed two new measures, annual absolute and 
relative cost growth, for measuring the cost growth and then constructed probability models for basis 
functions for TRL 3-9,whereas statistical prediction models for the entire programs. 
 
2. DATA 
 
     The data were taken from Resource Data Storage and Retrieval data base (REDSTAR), established in 
1971 as a NASA’s major repository of cost, technical, and programmatic information pertaining to the 
space program, which was maintained by the Science Applications International Corporation (SAIC). In 
total, the data from 31 programs were used in this paper.  For each component of the program, the data 
were collected on five variables: ICE (Initial Cost Estimate, $million), FTC (Final Total Cost, $million), 
IDE (Initial Duration Estimate, year), FTD (Final Total Duration, year), and TRL (Technology Readiness 
Level). We first grouped together those components having the same TRL from different programs. Then, 
for each TRL, two new variables, ACG (annual Absolute Cost Growth, $million per year) and RCG 
(annual Relative Cost Growth, fraction per year), are created, respectively, by setting ACG = (FTC – 
ICE)/FTD and RCG = ACG/ICE. To save the space, the data of ACG and RCG for different TRL are 
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omitted, but can be found as Tables 2-3 in Lee-Thomas (2000). Among 31 programs, no component of all 
the programs was rated as TRL = 1. For TRL = 2 & 9, there were only two observations. Consequently, 
basis functions could not be constructed for these three levels. Again, the data for 28 entire programs are 
omitted here, but can be found as Table 6 in Lee-Thomas (2000).  The data of WTRL (Weighted average of 
TRL for the entire program) were obtained by calculating the weighted average of TRL of each component 
multiplied by their corresponding percent of the allocation cost against the entire program’s cost.  
 
3. METHOD 
 
3.1 Johnson’s Family of Distributions for TRLs 
  
    After plotting the histograms for the ACG and RCG data for different TRLs, all histograms were not 
symmetric and had exhibited some skewness (Lee-Thomas (2000)).  We decided to adopt Johnson’s 4-
parameter families of [bounded, unbounded, and lognormal] distributions as probability models for both 
ACG and RCG.  As far as selection of the appropriate Johnson’s distribution was concerned, we followed 
the selection criteria set up by Slifker-Shapiro (1980). However, we did not use their equal-distance 
quantile formula for parameter estimation since the results were unsatisfactory. Instead, the method of 
maximum likelihood estimation was used to estimate the model parameters. 
 
     Basically, Johnson’s family of distributions is comprised of three subfamilies: (i) bounded (XB), (ii) 
unbounded (XU), and (iii) lognormal (XL) and their probability density functions are given, respectively, by 
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where λ > 0, η > 0, -∞ < ε <∞, -∞ < γ <∞. 
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where η > 0, -∞ < ε <∞, and -∞ < γ <∞. 
  
     Incidentally, the mean and variance of XB can be obtained from the kth moment of XB which is given as 
follows: 
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Although it is possible to obtain a closed form expression for (4) [also see Johnson (1949), equations (56) 
and (57)], they are very complicated and not useful for numerical calculations.  Instead, we apply the 11-
point Gauss-Hermite numerical quadrature in Stroud-Secrest (1966) to evaluate (4). 
     In contrast to XB, the mean and variance of XU have simple closed forms as follows (Johnson, et al 
1994): 
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Similarly, the mean and variance of XL have simple closed forms as follows (Johnson, et al 1994): 
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In addition, since both the distributions of XU, XB, and XL are skewed, their medians, given, respectively, by 
(Johnson 1949) 
 Median of XU = ε - λsinh (γ/η),       (7) 
 Median of XB = ε + λ/(1+exp(γ/η)),       (8) 
and 
 Median of XL = ε + exp(-γ/η),       (9) 
are also calculated as a comparison against their means. 
 
3.2 Selection Criteria for Johnson’s Families 
 
     Let x3z, xz, x–z , and x–3z  be the estimates of the 95th , 71st, 29th,  and 5th percentiles of Johnson’s random 
variable from the given sample data, where z was chosen as 0.5483 so that 3z (= 1.645) is the 95th 
percentile of standard normal distribution. Then, selecting one of the three Johnson’s (unbounded, bounded, 
and lognormal) distributions to fit the data is based upon the following criterion: 
define  
 m = x3z – xz ,         (10a) 
 n = x-z – x-3z ,         (10b) 
 p = xz – x-z ,         (10c) 
 q = mn/p2.         (10d) 
(a) If q > 1, then select Johnson’s unbounded distribution XU; 
(b) If q < 1, then select Johnson’s bounded distribution XB; 
(c) If q = 1, then select Johnson’s lognormal distribution XL. 
Note that since m, n, and p are random quantities, q is also a random quantity.  Therefore, the probability of 
q = 1 is, in theory, nil.  However, this does not rule out the possibility that XL might be a more appropriate 
model for the data than either XB or XU if the calculated q value is close to 1.  Indeed, this was the case in 
some of the models for the cost growth data as shown in Section 4. 
 
3.3 Maximum Likelihood Estimation 
 
     Generally, it is difficult to estimate the unknown model parameters by the principle of the maximum 
likelihood if they are embedded in the domain of the probability density function.  For Johnson’s family, 
both its bounded and lognormal subfamilies have indeed the unknown model parameters occurring in the 
domain of the probability density function defined by Eqs. (1) and (3), respectively.  A difficulty in 
employing the maximum likelihood estimation for the unknown Johnson’s model parameters was long 
recognized by Johnson (1949).  This is the reason why he instead used the method of moment and quantile 
estimation for estimating his unknown model parameters.  Although some authors did try to apply the 
principle of maximum likelihood to estimate the unknown parameters of Johnson’s bounded distribution 
(Olsson (1979), Siekierski (1992)), either they dealt with only the grouped data or their method had an 
error.  Here, based upon the method of nonlinear programming (Luenberg (1984)), a complete solution for 
applying the principle of maximum likelihood to estimate the unknown model parameters of all of 
Johnson’s  families was obtained as follows: 
    

(i) Given that the sample data  {x1, x2, ..., xn} are fixed, the likelihood function of  θ
&

 = (γ, η, λ, ε) for XB is 
given as follows: 

 }))]ln([
2

1
exp(

))((2

1
{)(

1

2∏
−+

−
+−

−+−
⋅=

=

n

i i

i

ii
B x

x

xx
L

ελ
ε

ηγ
ελε

ηλ
π

θ
&

.  (11) 

Let γ̂ , η̂ , λ̂ , and ε̂ denote, respectively, the maximum likelihood estimators for γ, η, λ, and ε.  Then, γ̂ , 

η̂ , λ̂ , and ε̂  must satisfy the following constrained maximization problem: 

 Maximize )(θ
&

BL         (12a) 
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Subject to 
   ε < x(1) ,         (12b) 
  0>λ ,         (12c) 
  0>η ,         (12d) 

where )(θ
&

BL is given by (11). 

(ii) Given that the sample data  {x1, x2, ..., xn} are fixed, the likelihood function of  θ
&

 = (γ, η, λ, ε) for XU 
is given as follows: 
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Let γ̂ , η̂ , λ̂ , and ε̂ denote, respectively, the maximum likelihood estimators for γ, η, λ, and ε.  Then, γ̂ , 

η̂ , λ̂ , and ε̂ must satisfy the following constrained maximization problem: 

 Maximize )(θ
&

UL         (14a) 

 Subject to 
  0>λ ,         (14b) 
  0>η ,         (14c) 

where )(θ
&

UL  is given by (13), and x(i) denote the ith order statistics of {xi}, i.e., x(1)≤ x(2) ≤...≤ x(n). 

(iii) Given that the sample data {x1, x2, ..., xn}are fixed, the likelihood function of  θ
&

 = (γ, η, ε) for XL is 
given by using (13) as follows: 
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Let γ̂ , η̂ , and ε̂ denote, respectively, the maximum likelihood estimators for γ, η, and ε.  Then, γ̂ , η̂ ,  

and ε̂  must satisfy the following constrained maximization problem: 

 Maximize )(θ
&

LL         (16a) 

Subject to 
   ε < x(1) ,         (16b) 
  0>η ,         (16c) 

where )(θ
&

LL is given by (15). 

 
3.4 Statistical Prediction Models  
 
     Two multiple linear regression models without intercept were built for the entire program’s data as 
follows: 
 AeWTRLIDEICEACG +⋅+⋅+⋅= 321 ααα ,     (17) 

and  
 ReWTRLIDERCG +⋅+⋅= 21 ββ ,       (18) 

where eA and eR denoted unobservable errors for ACG and RCG, respectively.  Assume that  

eA ~ N(0, 2
Aσ ) and eR ~ N(0, 2

Rσ ). 

 
4. RESULTS and DISCUSSIONS 
 
     Results of modeling TRL3 – TRL8 under ACG and RCG are given, respectively, in Tables 2 and 3. 
Those numbers listed in the first eight rows of Tables 2 and 3 were obtained, respectively, from applying 
Eqs. (10a-10d) to fit the ACG and RCG data. Then, based on the q values in the eighth row of Tables 2 and 
3, appropriate Johnson’s distrinution were chosen as probability models for TRLs.  However, there were 
two exceptions for TRL6 under ACG and TRL5 under RCG. Since their q values, 0.743 and 0.941, were 
close to 1, we decided to fit XL to the data too. After fitting both XB and XL to the data, it was observed that 
XL was more reasonable than XB by examining their corresponding means and standard deviations. The 
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values of γ̂ , η̂ , λ̂ , and ε̂ listed in the tenth row to the thirteenth row of Tables 2 and 3 were obtained by 

using Eqs. (124a-12d), or (14a-14c), or (16a-16c) depending on whether Johnson's model was XU, or XB, or 
XL. Note that the parameter λ was not used in the probability distribution of XL. Hence, the values of 

λ̂ were not listed for TRL6 under ACG and TRL5 under RCG. The values of mean and standard deviation 
listed in the fourteenth and sixteenth row of Tables 2 and 3 were obtained by substituting the maximum 
likelihood estimators for the unknown parameters of Eqs. (4), or (5a-5b), or (6a-6b) into the corresponding 
Johnson's models. The value of median listed in the fifteenth row of Tables 2 and 3 were obtained by using 
Eqs. (7-9) depending on what the corresponding Johnson's model was. The values of x  and s listed in the 
seventeenth and eighteenth row of Tables 2 and 3 are the sample mean and sample standard deviation. 
     Under ACG, the mean, median, and standard deviation of all TRL, except TRL6, apparently had a 
decreasing trend as the level of TRL increased (Table 2). For TRL6, the anomaly was attributed to a single 
large observation (192.329) in the data set. If the observation of 192.329 was not used in the model fitting, 
then the q value became 0.825, and the mean, median, and standard deviation for TRL6 after re-calculation 
became 1.379, 1.259, and 2.450, respectively. Both the mean and standard deviation were changed from 
3.773 and 8.037 to smaller values 1.379 and 2.450, respectively. However, since the data of 192.329 was a 
genuine observation, we preferred to retain it in the model fitting. Similarly, a general decreasing trend 
seemed to exist under RCG as the level of TRL increased (Table 3). The larger standard deviation for 
TRL6 and TRL8 under RCG indicated that the judgmental ranking for these two levels was comparatively 
less accurate.  
     Additionally, if we compared the values of x  and s listed in the seventeenth and eighteenth row of 
Tables 2 and 3 against their corresponding mean and standard deviation in the fourteenth and sixteenth row 
of the same table, we noticed that they agreed very closely with each other. In particular, they agreed more 
closely under RCG than under ACG. This indicated that although selections of Johnson’s probability 
models for different TRLs were not the same under both ACG and RCG, probability models obtained in 
Tables 2 and 3 were accurately reflecting the characteristic of their data.    
     After fitting, respectively, Eqs. (17) and (18) to the data, results of numerical calculation were given in 
Tables 4(a) and 5(a). Judging from their p-values, ICE and WTRL were the only significant predictor 
variables for ACG and RCG, respectively. Hence, prediction equations for ACG and RCG were fitted again 
to the data by using ICE and WTRL only. From Tables 4(b) and 5(b), predicted regression models are thus 
given, respectively, by   

ICEGCA ⋅= 059.0ˆ ,        (19) 
and  

WTRLGCR ⋅= 016.0ˆ ,        (20) 

where GCA ˆ and GCR ˆ  denote, respectively, the predicted value of ACG and RCG. 
     From Table 4(b), the value of the test statistics was 

64.0)28/021.26/()0167.3()/ˆ/())(( =−=−= neEet AAA σ  

which was not significant at the level of α = 0.05.  Hence, the model assumption on eA in Eq. (17) was 
satisfied. Similarly, the model assumption on eR in Eq. (18) was proved to be satisfied because the value of 
the test statistics from Table 5(b) was - 0.27 which was not significant either at the level of α = 0.05. 
Also, we noticed that the values of R2 were 0.933 and 0.604 for Eqs. (19) and (20), respectively (Tables 
4(b) and 5(b)). Hence, 93.3% and 60.4% of variation in the observed data of ACG and RCG were 
accounted for variation in ICE and WTRL, respectively. Still, we wanted to see how well the prediction 
models for ACE and RCG performed. Observed and predicted values of ACG and RCG were, respectively, 
listed in Table 6, where predicted values of ACG and RCG were calculated according to Eqs. (19) and (20). 
Under ACG, Programs 2, 3, 11, 19, 28 were identified as the outliers in fitting Eq. (19) to data. Program 11 
under-predicted the actual annual absolute cost growth by an amount of $88.011 (= 130.611 - 42.6) million 
per year. This was the largest under-predicted amount of ACG among 28 programs. Programs 2 and 3 also 
under-predicted the actual annual absolute cost growth by $42.484 and $46.304 million per year, 
respectively, while Programs 19 and 28 over-predicted the actual annual absolute cost growth by $38.636 
and $56.383 million per year, respectively. Under RCG, no programs were identified as the outliers in the 
process of fitting Eq. (20) to data. Note that the largest under-predicted fraction of RCG among 28 
programs was Program 14 which under-predicted the actual annual relative cost growth by 17.3% (= 30.1% 
- 12.8%).  
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5. CONCLUSIONS 
 
     The idea of COMPRE was employed to build cost growth models for NASA’s programs.  Two cost 
growth indices, annual absolute and relative cost growth, were used as measures for the cost growth of 
NASA’s programs. NASA’s technology readiness levels were used to break the entire program into 
subsystems/components. Then, Johnson’s four-parameter families of bounded, unbounded, or lognormal 
distributions were applied to build probability models for basis functions of different technology readiness 
levels. The method of maximum likelihood estimation was employed to estimate the unknown parameters 
of Johnson’s models. The obtained probability models were considered to be very good because they 
accurately reflected the characteristic of the observed data. In addition, statistical prediction models were 
obtained, respectively, under the two cost growth indices based on the data of the twenty-eight programs.  
It was shown that the program’s annual absolute cost growth was estimated to grow at a rate of 5.9% of the 
program’s initial cost estimate with a standard error of 0.3%, while the program’s annual relative cost 
growth was estimated to grow at a rate of 1.6% of the weighted average of technology readiness level from 
the program’s components with a standard error of 0.3%. 
 
 
 
 
 

 
Table 1 Definitions of Technology Readiness Level used by NASA. 

 
Level Definition 
TRL 1 Basic principles observed and reported 
TRL 2 Conceptual design formulated 
TRL 3 Conceptual design tested analytically or experimentally 
TRL 4 Critical functions and characteristics demonstrated 
TRL 5 Component/Brassboard tested in relevant environment 
TRL 6 Prototype/engineering model tested in relevant environment 
TRL 7 Engineering model tested in space 
TRL 8 “Flight-qualified” system 
TRL 9 “Flight-proven” system 
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Table 2 Parameter estimates of probability models for different levels of TRL under ACG.  
 
 ACG 
 TRL3 TRL4 TRL5 TRL6 TRL7 TRL8 
x3z 37.665 29.672 24.043   6.596    6.849   0.873 
xz   9.572   6.455   4.789   2.568    2.663   0.411 
x-z   1.074   0.766   0.169   0.047  -0.166   -0.988 
x-3z  -0.206  -2.312   -6.363   -1.126  -0.807 -7.169 
m 28.093 23.217 19.254    4.028    4.186   0.462 
n   1.280   3.078   6.532   1.173    0.641   6.181  
p   8.498   5.689   4.620   2.521    2.829   1.399 
q   0.498   2.208   5.892   0.743    0.335   1.460 
Johnson’s 
model 

XB XU XU XL XB XU 

η̂    0.565 1.866 2.422    1.364    0.661 408.781 

γ̂    1.001 -4.355 -4.115   -2.708    0.713 -2148.632 

λ̂  46.102 2.5 5.7        -   8.738 10.5 

ε̂   -0.744 -8.911 -12.118 -5.754   -1.234 -1007.669 

Mean 18.248 5.838 4.286  3.773  2.598 -1.008 
Median 5.956 3.865 2.946  1.528  0.983 -1.005 
Standard 
deviation 

9.370 8.648 7.524  8.037  1.799   2.463 

x  9.81 5.974 4.370 7.206 1.342 -1.004 
s  13.025 9.531 8.435 33.326 2.461 2.624 
 
 
Table 3 Parameter estimates of probability models for different levels of TRL under RCG.  
 
 RCG 
 TRL3 TRL4 TRL5 TRL6 TRL7 TRL8 
x3z   0.637   0.566   0.399   1.004   0.397   1.091 
xz   0.139   0.093   0.146   0.134   0.225   0.369 
x-z   0.031   0.022   0.004   0.004  -0.033   -0.059 
x-3z  -0.003  -0.033  -0.071   -0.093   -0.070  -0.144 
m   0.498   0.473   0.253   0.870   0.172   0.722 
n   0.034   0.055   0.075   0.097   0.037   0.085 
p   0.108   0.071   0.142   0.130   0.258   0.428 
q   1.452   5.161   0.941   4.993   0.096   0.335 
Johnson’s 
model 

XU XU XL XU XB XB 

η̂  0.769 1.837 1.835   6.306 0.898 0.940 

γ̂  -3.790 -2.890 2.663  -4.963 1.599 0.711 

λ̂  0.001 0.09     -   1.5 1.096 1.515 

ε̂  -0.010 -0.140 -0.172  -1.122 -0.124 -0.294 
Mean 0.151 0.101 0.100   0.201 0.120 0.265 
Median 0.059 0.068 0.062   0.184 0.034 0.190 
Standard 
deviation 

0.338 0.153 0.152   0.320 0.171 0.298 
 

x  0.152 0.106 0.100 0.203 0.087 0.228 
s 0.321 0.185 0.166 0.364 0.163 0.465 
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Table 4 Parameter estimates of a prediction model of Eq. (17) for 28 programs.  
 
 
(a) 
 
ACG = ICE + IDE + WTRL + eA 
Predictor variable iα̂ (s.e.( iα̂ )) p-value R2 Ae  Aσ̂  

ICE 0.059 (0.004) 0.000 
IDE 0.204 (3.042) 0.947 
WTRL 0.488 (2.305) 0.834 

0.934 0.064 25.991 

 
 
(b) 
 
ACG = ICE + eA 
Predictor variable iα̂ (s.e.( iα̂ )) p-value R2 Ae  Aσ̂  

ICE 0.059 (0.003) 0.000 0.933 3.167 26.021 
 
 
 
 
 
 
 
Table 5 Parameter estimates of a prediction model of Eq. (18) for 28 programs.  
 
 
(a) 
 
RCG = IDE + WTRL + eR 
Predictor variable 

iβ̂ (s.e. ( iβ̂ )) p-value R2 Re  Rσ̂  

IDE -0.007 (0.008) 0.345 
WTRL  0.022 (0.006) 0.002 

0.617 -0.002 0.075 

 
 
(b) 
 
 RCG = WTRL + eR 
Predictor 
variable iβ̂ (s.e. ( iβ̂ )) p-value R2 Re  Rσ̂  

WTRL 0.016 (0.003) 0.000 0.604 -0.004 0.077 
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Table 6 Observed and predicted values from Eqs. (19) and (20) of ACG and RCG for the 28 programs. 
 
 
 ACG RCG 
Program Observed Predicted Observed Predicted 
1 476.595 484.767 0.058 0.081 
2 140.332 97.848 0.085 0.065 
3 70.212 23.908 0.174 0.081 
4 45.416 27.916 0.097 0.085 
5 22.551 32.314 0.041 0.072 
6 13.23 28.939 0.027 0.074 
7 31.52 10.289 0.182 0.075 
8 0 10.089 0 0.081 
9 0 0.89 0 0.078 
10 0.332 0.23 0.086 0.092 
11 130.661 42.6 0.182 0.077 
12 12.445 17.021 0.043 0.076 
13 4.994 7.658 0.039 0.111 
14 18.395 3.632 0.301 0.128 
15 3.12 1.389 0.133 0.115 
16 11.412 2.614 0.259 0.115 
17 3.296 5.419 0.036 0.121 
18 6.564 1.651 0.236 0.110 
19 25.323 63.959 0.023 0.076 
20 0.764 11.122 0.004 0.097 
21 2.61 3.162 0.049 0.087 
22 7.223 5.059 0.085 0.125 
23 11.426 6.104 0.111 0.106 
24 32.491 21.476 0.09 0.116 
25 15.308 22.837 0.04 0.069 
26 24.067 17.699 0.081 0.09 
27 1.973 16.557 0.007 0.063 
28 -16.4 39.983 -0.024 0.082 
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