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Abstract - In the problem of estimating
the parameter of the underlying probability
distribution, a su€cient statistic should be one
that summarizes and exhausts in itself all the
relevant information on the parameter that is
contained in the sample. A similar basic prob-
lem of statistics is that of predicting a future
(that is, not yet observed) random variable on
the basis of some existing observable random
variables when the parameter of the underlying
probability distribution does not concern us
directly. Likewise, we are looking for a statistic
as one that is exhaustive of all the relevant
information on the future random variable that
is available in the current observable random
variables. The notion of adequate statistics
initiated by Fisher [4] and Skibinsky [8] would
deal with this concern. Subsequently, it has
been extensively investigated in literatures
such as [1,2,6,9-11]. In this article, we make
a comprehensive study of .nding an adequate
statistic for the total time on test when the data
Is assumed to be exponentially distributed and
censored after the r-th failure.
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I. Introduction

Let P = fP,: u 2 £9 be the statistical model
for (X;Y), that is, a family of probability dis-
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tributions (measures). In practice, this X could
denote a random sample X1, X, tt¢, X, of size
n from a population. A statistic T =T (X) is
a measurable map of the observable X. A ba-
sic problem of statistics is that of predicting a
future (that is, not yet observed) random vari-
able Y on the basis of an observable random
variable X, where y is the parameter that does
not concern us directly. The notion of adequate
statistics initiated by Fisher [4] and Skibinsky
[8] would deal with this concern. Subsequently,
it has been extensively investigated in literature
such as[1;2;6;9 j 11]. In this article, we make a
comprehensive study of ..nding an adequate sta-
tistic for the total time on test when the data
is assumed to be exponentially distributed and
censored after the r-th failure.

In the sense of Fisher [4], a statistic T =T (X)
is said to be a su€cient statistic for the parame-
ter | if the conditional probability distribution of
X given T =T (X) does not depend on p. Let
Px denote the family of marginal distribution for
the observable X. We write T suff (X;Px) (to
be read as “T is a su€cient statistic with respect
to Px’’) which denotes the factthat T = T (X) is
a su€cient statistic for u. Two random variables
X and Y are said to be independent if the joint
probability distribution of X and Y is equal to
the product of the marginal probability distribu-
tions of X and Y, respectively. We write X?Y ju
to indicate that X and Y are independent with
respect to the probability distribution Py. Simi-
larly, two random variables X and Y are said to



be conditionally independent given a third ran-
dom variable T if the joint conditional probabil-
ity distribution of X and Y give T is equal to the
product of the marginal conditional probability
distributions of X and Y given T, respectively.
We also write X ?Y T, to indicate that X and
Y are conditionally independent given T with re-
spect to the probability distribution P.

Il. Sufficient Statistics and
Conditional Independence

Let P = ff(X;y;l) : 4 2 £9g be the family of
joint probability functions for (X;Y ) and Px =
f (X; ) : 1 2 £g be the family of marginal joint
probability functions for X. Also, let T =T (X)
be a measurable function of X. In practice, we
let X = (X1; Xz;06¢;X,) denote a random sam-
ple of size n and let x = (X1;X2;6¢¢;Xn) be an
observed value of X. The joint probability func-
tion of X = (Xq; Xz;¢¢¢;X,) is then given by

¥

T (Xi; W)
i=1
The likelihood, L (x1;x2;¢¢¢;%n; 1), of the sam-
ple is de..ned to be the joint probability function
evaluate at xi, X, ¢¢¢, X, that is,

T (X X5 008, Xn; ) =

g
L (Xq;X2;¢00; X, ) = T (Xi; 1)
i=1
The following theorem is the famous factoriza-
tion criterion for the su¢cient statistics..

Theorem 1 [5] The statistic T is a su¢cient
statistic for p if and only if the likelihood of the
sample, L, can be factored into two nonnegative
measurable functions,

L (X1; X2;6¢¢; Xn; 1) = g (t; ) h(X1; X2;6¢¢; Xp) ;
where g (t; 1) is a function only of t and p and
h (X1; X2;¢¢¢; Xn) is not a function involving p.

We now also present a short list of few theo-
rems concerning the notion of conditional inde-
pendence. They can be found in the literatures
such as [3;7].

Theorem 2 If X?YT;p and W =
then W?2YT; .

W (X),

Theorem 3 The following assertions are equiv-
alent.

(1) X?2YT; W
(2 X2 (YV;T)T;
) X T)2(Y;T)iT:u.

Theorem 4 If X?Yjuand W = W (X), then
X2Y JW; .

Theorem 5 X?2Y |T;u if and only if , for any
W =W (X), E(WjX;Y) =E (WjX).

Theorem 6 Let T =T (X) andW =W (T). If
T?2YjW;p.and X72Y jT;y, then X?2Y jW; .

Theorem 7 If X?2Y W;u, T =T (X)and W =
W (T), then XY |T; .

I1l. Adequate Statistics

In the colorful language of R. A. Fisher [4] we
may loosely de..ne the notion of adequacy in
the following terms: The statistic T = T (X) is
said to be adequate or prediction sucdcient if T
summarizes in itself all the relevant information
about Y that is contained in X:

In 1967, Skibinsky [8] proposed the following
mathematical framework of adequate statistics.

De..nition 8 A statistic T is said to be ade-
quate or prediction sudcient for X with respect
to (Y;P) if

() T suff (X;Px), and
(2) X?2YjT;uforall p2 £.

Following Skibinsky [8], we write T
adg(X;Y;P) [to be read as “T is adequate
for X with respect to (Y;P)”] as a mathematical
shorthand for the proposition “T adequately
summarizes (and exhausts) all information in X
about Y with respect to the model P”. This



is in conformity with our use of the notation T
suff (X; Px) when we restrict our attention to
the model Px.

The intuitive content of the above de..nition
appears to be embedded in the following two
propositions:

(1) Given T =T (X), no further details about
observable X can yields any additional informa-
tion about . In other words, for making an in-
ference on I, the statistician needs to record only
the T-value on X.

(2) If the inferred value of | is the one that ac-
tually obtains, then the conditional distribution
of Y given X depends on X only through T. In
other words, if the statistician proposes to pre-
dict Y by ..rst predicting (or estimating) | and
adequately summarizes (and exhausts) all infor-
mation in X about Y with respect to the model
P”.

I1V. Main Theorem

We are now ready to present our main result.

Theorem 9 Let Xy - X - ¢ttt - Xy de-
note the order statistics of a random sample X,
Xa, tt¢, X, of size n from a population with prob-
ability density function from an exponential fam-

ily:
n (0]
fOGH) =B ()H (X)eRWRK -2 £

let 1 - r - m - n. Consider the prob-
lem of predicting a future X, after observing
Xay X, 66, Xy. Let P denote the family
of joist probability distributions of the observed
X = X X@);tt; X and not yet observed

Xy Then T adg X; Xy P .

Proof. The likelihood of the observed values of
the ..rst r order statistics is given by
5 .
L X(l);X(Z);¢¢¢;X(r);}J
Y 3 -
= T Xau
i=1

X
. v 3 -# Q(H). R(X(i))
= [B W] H Xp e =
i=1

De..ne

A . . '
T= R Xy X
i=1
Consider
>
; QW R(X(i))
gt =[BWle =
and
3 - \(.'/ 3 -

h X(l);X(z);¢¢¢;X(r) = H X() -
i=1

From the classical factorization criterion (Thegy
badiae i

rem 1), it follows that T = R Xay X
i=1
IS a su€cient statistic for y.
It is well known that the order statistics
for a Markov chain. Then it follows that

X2X (M) jXy;p for all p 2 £, Since T =
x 2 7 )

R Xa X s afunction of X, it fol-

i=1
lows from Theorem 7 thag X?X (m)jT;u for all
i 2 £. Therefore, T adq X;Xm);P .1

V. An Example

Consider an exponential distribution with mean
U. Inthiscase, B(W) =1=p, H(y) =1, Q(p) =
1=y, and R (xX) = x. Now consider a censoring
situation in which n units are put on test and
observations continues until r units have failed.
Suppose that the numbers of millions of revolu-
tions of thirty ball bearings are censored after the
twenty-third failure. The ordered data to failure
are

17:88 28:92 33:00 41:52 42:12 45:60

48:40 51:84 51:96 54:12 5556 67:80

68:64 68:64 68:88 84:12 93:12 98:64
105:12 105:84 127:92 128:04 173:40



We may want to estimate the total time on

test  X). Assume that the number of mil-

-
lions of revolutions of the ball bearing has an
exponential distribution with mean y. Calcu-
X
late Xy = 1;661:06. According to Theorem
i=1 A 1
22 !

9, T = Xy X3y Is an adequate statis-

i=1
tic for predicting Xmy (for m = 24, 25, t¢¢¢, 30)
based upon the informatioa of the observed expe-
nentially distributed data Xy; X(2); 0¢¢; Xa3y .
Consequently, an adequate estimator of the total

time on test X will be given by
i=1
X
Xiy+(nirnXge
i=1
= 1;661:06 + (7) (173:40)
= 2;874:86:
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