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Abstract

A recent study by Frank and Friedman (1993) indicated that
cross-validated ridge regression performed well when
compared to partial least-squares regression and cross-
validated principal components regression. Thorpe and
Scharf (1995) consider a number of uncross-validated ridge-
type estimators from an engineering point of view. Inthis
paper we examine a variety of estimatorsto seeif we can do
aswell asor nearly as well as fully cross-validated ridge
regression. We conclude that when the number of
parameters does not exceed the number of observations, it
may be possible to avoid cross-validation.

1 Introduction

For many years, we have pointed to the Frank and Friedman
(1993) paper as evidence that cross-validated principal
component regression (CVPCR) and cross-validated ridge
regression (CVRR) were worthy competitors to cross-
validated partial least-squares or partial latent structure
regression (PLS). CVPCR and CVRR are computationally
simpler and, generaly, easier to understand than PLS. PLS
retains alarge following, perhaps because the cross-
validated form is widely available, while only non-cross-
validated forms of PCR and RR are widely available, and
these are generally not as good as PLS. An overview of
PLS from a statistician’s point of view may be found in
Garthwaite (1994).

The more recent appearance in the engineering literature
of a paper by Thorpe and Scharf (1995), while not a direct
comparison with PLS, provided a wide range of non cross-
validated ridge-like regression estimators that could be
compared with those studied in the Frank and Friedman
(1993) paper.

Of course, thereis avast literature on ridge regression
and we will make no attempt to address all of the proposed
estimators here. However, Krzanowski and Marriott (1995)
suggest that PC regression using t-statistics to decide which
PC’s should be in the model might be agood PLS
competitor because information about the response variable

is being used to decide which components are in the
regression. This haslong been noted as a plusfor PLS and
aminus for standard PC regression where no response
variable information is used to choose the principal
components retained. It isimportant to notethat CVPCR
does use response variable information during the cross-
validation process. Rawlingsin his textbooks (Rawlings
1989, 1998) has suggested that standard PCR regression
should be modified by using the t-statistics so that principal
components with large eigenvalues or large t-statistics are
included in the regression.

Our goal in this paper isto compare some of the
regression estimators suggested above along with afew
others that surfaced during the simulation study. The
outline of the paper isasfollows. In Section 2, we develop
the general notion of rank-adjusted estimators. In Section 3,
we discuss the various estimators in a uniform notation. In
Section 4, we describe our simulation models which follow
closely those used in the Frank and Friedman (1993) paper.
In the last section, we provide our conclusions and
recommendations.

2 Background and Notation

We assume that we have n training observations with p + 1
parameters (the intercept will always be included) and a
single response variable. We shall also assume that all of
the data are standardized by subtracting means and dividing
by the standard deviation (with n, not (n — 1) asthe divisor).
Many of the estimators are not scale invariant, so this
scaling will affect the analysis. Thus our standardized
model is

y=Xpte
withy ann x 1 vector, X and n x p matrix, B ap % 1 vector
and € an n x 1 vector. To simplify our notation (and
computation, in many cases), we will use the singular value
decomposition of X, X = USV' with U an n x n orthogonal
matrix, V ap x p orthogonal matrix, and S an n x p diagonal
matrix with non-increasing diagonal entries. To address
cases where p > n, we use the pseudo-inverse of X, denoted
by X",



X =vs'u'.

All of the estimators we will consider, except PLS, will
modify X in the following way:

X, =US,V'
S, =R'S

where R isan n x n diagonal matrix with at most min(n, p)
nonzero diagonal elements.
In traditional least-squares estimation,

ﬁLS =X"=VS'U'y
min( p,n) 1
=Yy, Sy

j S

where u; and v; are the appropriate columns of U and V.
When p > n, thisis the minimum norm solution to the least-
sguares equations. Rank-adjusted estimation gives

~ . r.
B =X/y=>v, S—J“JTY
j 1

where the r; are the diagonal elements of R. Since the

estimators we will consider are equivariant, we will change

to the rotated coordinate system, Z = XV with uncorrelated

explanatory variables with coefficients, o = V'p.
Traditional ridge regression is

G =(272+K1) " 27y

with r, :sjz/(sj2 +k). We also note that

G =(2'2+K) 2724
=diag[ s /s +kas.

Thusr; isthe “shrinkage” factor, sf/(sf +k) , associated
with many forms of biased regression. Finaly, we note that
thet-statistic for (d,5), isjustt; =u'y/c. Whenga'is

known E(t; ) = (5 ; )/a, but since t; ~ N((50;)/0, 1), E(t 3=

5 %0’/0® + Land is, therefore, biased. Hence we will uset; ®
—1in some situations.

3 The Estimators

We have chosen to rely on the Frank and Friedman (1993)
study for comparisons of PLS with other estimators such as
CVPCR and CVRR. These later two along with LS have
been carried along in our study (which uses a simulation
structure like that in Frank and Friedman (1993)) in order to
alow comparison with PLS.

Our study includes a number of additional biased
estimators that were not considered in the Frank and
Friedman (1993) paper. Many of these come from the
Thorpe and Scharf (1995) paper, but were not necessarily
first suggested by those authors.

3.1 Least-squares

Thisisthe traditional approach. When p > n, and the
solution is not unique, the minimum norm solution is used.
In this situation, all residuals are zero and estimation of 6° is
impossible.

3.2 Ridge Regression

Most of the estimators we will consider are of thisform. To
simplify notation, let A; = 5. These are two basic types,
those with one ridge parameter

= )\j /()\J + k),
and those with more than one (generalized ridge)
=N I +K).

In problems with p near to or greater than n, we can suspect
some difficulties because we are trying to estimate a large
number of model parameters, like a, and of pseudo-
parameters, like the k. In some cases, the p > n problem
cannot be considered at all because of difficulties estimating
o.

Cross-validated ridge regression (CVRR) finds the single
k by cross-validation using the PRESS statistic as described
in Frank and Friedman (1993). It proved to be the “best”
estimator considered in that study. Itiseasily appliedin
boththen = pand n < p cases. To see how much would be
lost using generalized cross validation (GCV) as described
in Golub, et. al. (1979) instead of PRESS, we also chose the
kinridge regression using GCV and called the result
GCVRR.



Can we do better? Can we do well without cross-
validation? Under the usual model conditions, we can
compute the theoretical mean square error (M SE) and mean
sguare prediction error (M SPE) for rank-adjusted
estimators. Then these quantities can be minimized and the
appropriate k or k found. Many of the details are in Thorpe
and Scharf (1995)

Using these ideas, Thorpe and Scharf suggest the
following biased and unbiased estimators for r; when there
is more than one k;:

(HK) = (uTy)’ / [(uTy)z +aﬂ
-t ()
(HKUB) r, =max| 0, (uTy)z—Jz

with t* = (u;"y)?/ 0° The estimator HK reducesto
k = az/(ﬁLs)T which is the original Hoerl and Kennard

(1970) estimate. HKUB has also been suggested in various
forms, see Gruber (1998) for references.

Thorpe and Scharf also point out that HK and similar
estimators probably give too much weight to the t-statistics
and fail to shrink enough when A; issmall. We note that for
HK,

t? 1
rj = 5 = 1
t+1 4,1
t?

]

and when t; % islarge, the component is essentially fully
retained independent of the size of A;. Therefore we tried to
adjust for this by considering

(8
(HKA) r, _{tf +J

where ¢; = Ana/Aj. Thismeansthat when ¢ islarge (A
relatively small), thereis considerably more shrinkage than
would be the case with just tjz. The“unbiased” formisjust

max(O,tj2 —l)]c'

2
tJ

J

(HKUBA) r :[

Throughout their paper, Thorpe and Scharf assume that
o? isknown. When p < n, we will estimate 6* by using
residuals based on the LS solution. For p = n, thisis not
feasible and 0 becomes a nuisance parameter that could
possibly be obtained by cross-validation.

Finally, Thorpe and Scharf suggest a conditional mean
estimator of the r; which we will call TSCM:
(TSCM) [r]low = Elrily]
This estimator requires numerical quadrature for each r; and
needs an estimate of 6°/c,? where o is the common prior
variance of the a parameters. Asisdonein ridge
regression, this ratio can be found by cross-validation. An
estimate of 6 isalso required. For the problems we
considered n = 50, p = 5, 40, cross-validation and even
generalized cross-validation took far too long to be
practical. We were only able to run afew simulations and
the results were not encouraging even though, theoretically,
TSCM has many interesting properties.

Estimates like those suggested by Thorpe and Scharf can
be obtained under the constraint that

where k is constant acrossj. Four estimators arise based on
M SE, M SPE and the unbiased forms M SEUB and
MSPEUB. These quantities are minimized over k and lead
to solving for k the first order equations:

(MSE) J_ (lj%:)g:o
(MSPE) Mzo
(4 +K)
(UBMSE) Z%:
(UBMSPE) ;%:0_

The UBMSPE is exactly the equation needed to find the
optimal k for the C, statistic suggested by Mallows (1974).



Of course, 62 is not known and for p < n, we usethe LS
estimate for ¢°.

Some direct estimates of k have been suggested by
analogy to the James-Stein estimator. Perhaps the most
common is

2

(HKB) Ko = o0 — =P

T A P
2
Z/‘iti

j=1

a0

due to Hoerl, Kennard and Baldwin (1975). Lawless and
Wong (1976) suggested

(Lw) k., =—F

Since
1 1& 1
kHKB pJZ]:-(kHK)J
and
1 1&,,
= t:
Kiw p;‘

we will aso include 1/t as values for k; in our study
(GLW). An unbiased form would be 1/[max(0, t - 1)],
which we will call GLWUB. A more complete discussion
may be found in Gruber (1998), which, however, does not
reference either the Frank and Friedman or the Thorpe and
Scharf papers.

It is useful to note that when k; = 1/t

/]J'
r. =
J
e
ti

J

alowing the size of the A; to play arole, at least for the
moderate values of t°. Thiswas not the case for HK.

3.3 Principal Components

Traditional PCR is done by ordering the components
(orthogonal “explanatory” variables) according to the size of
the eigenvalues. Components with “large” eigenvalues
remain in the model. Those with “small” eigenvalues are
removed from the model. Small may be made relative to
large by looking at Amax/Aj. Note that Aye/Amin isthe

condition index of X"X. Cross validation avoids decisions
about what is small or relatively small and appearsto be the
PC procedure of choice. Certainly, when comparing PLSto
PCR as many people do, it seems only fair to compare
CVPCR with PLS, since PLS is always cross-validated.

Krzanowski and Marriott (1995) and other authors have
discussed the idea of ordering the principal components by
size of t? rather than A;. Thiswould be the in or out
approach that is consistent with the ridge
t°/(t” + 1) approach. Cross validation helps decide when
the tjz are large enough and adjusts for problems with
multiple comparisons. We call thisthe CVTPCR.

Using t;°-statistics in descending order is, essentialy,
forward stepwise regression in the PC space and the Frank
and Friedman results indicate that regular cross-validated
forward stepwise regression (VSS) is hot necessarily a good
procedure.

Rawlings (1988,1998) observes that a problem with
traditional PC regression isthat all decisions about which
variablesto retain are based on the explanatory variable
data. He arguesthat a good working ruleisto eliminate
only those principal components that:

1.  have small enough eigenvalues, and

2. for which the estimated LS regression coefficient
a, isnot significantly different from zero.

Rawlings suggests an eigenvalue is small when Ama/A; >
100 and that c?j isnot different from zero when the t-

statistic fails to be significant at o = .10 or .20. We call this
procedure RPCR and usethe a = .10 value. A very
conservative approach would be to only allow principal
components with t significant at o = .10 and Aya/A; < 100.
We will call thisWPCR. In order to mimic classical
(uncross-validated) principal components regression we
included CPCR which removes principal components with
Amax/A; > 100. Again, we could try cross-validation to
replace the Ap/A; and/or the a threshold. Double cross-
validation will not be addressed in this paper.

4 Simulation Procedures

We attempted to follow the Monte Carlo experimentsin
Frank and Friedman as closely as possible to allow direct
comparison. In particular, the number of training set
observations was 50 and the number of explanatory
variableswas 5, 40, and 100 (where possible). The signal-

to-noise ratio was [var (aTz)T2 /a =7,3,1 and the

population predictor-variable correlation matrix was either
an identity diagonal matrix or the same matrix but with .9
placed in al of the off-diagonal elements. Findly, all a; =1



ora; = j% to provide an unbalanced case. These factors
provide atotal of 36 design configurations.

For each design configuration, 100 repetitions were run
asfollows:

1. 50 training observations were created from a
multivariate Gaussian with specified population
correlation matrix and € was drawn from a
univariate Gaussian with the chosen o2,

2. Estimators were applied to these data.

3. N =100 validation observations were generated as
instep 1.

4. For each estimator the average squared prediction
error was computed using the estimated
coefficients from the training set with the solution
transformed back into the original coordinate
system and unstandardized. These prediction
errors were averaged over the 100 Monte Carlo
repetitions.

5 Results and Conclusions

Since a number of the estimators we have discussed reguire
avalue for o, we only discuss the situations with p = 5, 40.
In future work, we plan to examine the p = 100 case in more
detail. Againfollowing Frank and Friedman (1993), we
have plotted (Figure 1) the Euclidean distances of the
average performance (squared prediction error) of an
estimator on the validation set from the average
performance of the true regression model. Lower bar
heights indicate better performance.

Our resultsfor LS, CVRR, and CVPCR are very closeto
those obtained by Frank and Friedman for p =5 and 40 (see
Figure 2 for the results disaggregated by number of
variables). We have used their results to place abar for PLS
on our plots. PLS was not a part of our simulation. Our
conclusions are based on Figure 1. Accordingly, the best
estimator is still CVRR asin Frank and Friedman.
However, HKA and HKUBA did better than CVPC and
PLS. HKA and HKUBA are very simple, but ad hoc
estimators and they require an estimate of o2, which CVRR,
CVPCR and PLS do not. For p > n, thereisno clear way to
compute HKA or HKUBA except to find o by cross-
validation. But if we are going to do that, we may as well
use CVRRor PLS.

The generalized cross-validation ridge estimator,
GCVRR, did not do as well as we had expected and
indicates that a price must be paid for the computational
simplicity.

CVPCR does better than CVTPCR and it appearsto be
better to use eigenvalues to order the components rather
than t-val ues, as we had noted earlier. We also see that
CPCR, which does not use cross-validation to choose the

components, does slightly better than CVPCR. The sameis
true (only more so) when comparing TPCR with CVTPCR.

We conclude that for p < n, itisfeasible to find non-
cross-validated ridge-type estimators that are quite
competitive with PLS and not too far from CVRR. For p
>n, cross-validation appears to be essential.
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Figure 1. Simulation results for al experimental design
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