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Abstract

Latent variable analysis is a statistical approach for mod-
eling the underlying structure in multivariate data in
terms of a smaller number of latent variables or factors.
In the environmental sciences, factor analytic models
such as the multivariate receptor model have been used
to assess the number of pollution sources affecting the air
quality at a monitoring site. Because air quality data of-
ten exhibit temporal and/or spatial dependence, we con-
sider the importance of accounting for such correlation
in estimating model parameters and making valid statis-
tical inferences. For the multivariate receptor model and
latent variable models in general, we propose a new ap-
proach for incorporating dependence structure directly
into estimation and inference via a nested block boot-
strap approach. The method requires no assumptions
about data distributions, priors, or forms of covariance
functions, and it avoids many of the complications as-
sociated with the modeling of multivariate correlated
data. The application of the approach is facilitated by
a new multivariate extension of an existing block size
determination algorithm. The proposed approaches are
evaluated by simulation. An analysis of hourly mea-
surements of volatile organic compounds in the El Paso,
Texas/Ciudad Juarez, Mexico area yields the conclusion
that the compounds are products of two underlying pol-
lution sources, one associated with auto exhaust and the
other associated with industrial emissions.

1 Introduction

In recent years, there has been an increasing interest in
air quality monitoring. Specifically, researchers are in-
terested in identifying the sources and compositions of
pollutants in order to implement air pollution control
programs. Rather than directly observing the quantity
of various pollutants emitted from all potential pollu-

tion sources (which is usually impossible), receptor mod-
els are used to analyze concentrations of airborne gases
or particles measured over time in order to gain insight
about the unobserved pollution sources. For example,
Henry, Lewis, and Collins (1994) use hourly measure-
ments of 37 volatile organic compounds in order describe
the composition of the three vehicle-related volatile hy-
drocarbon sources in Atlanta. Koutrakis and Spengler
(1987) concluded that the ambient particle data on 18
elements measured in Steubenville, Ohio were driven
by six sources. Similar analyses have been carried out
by Alpert and Hopke (1980), Thurston and Spengler
(1985), Spiegelman and Dattner (1993), Park, Henry,
and Spiegelman (1999), Park, Spiegelman, and Henry
(1999), Park, Guttorp, and Henry (1999), and others.

As in the closely related factor analysis models, the
choice of the number of pollution sources (k) used in re-
ceptor models is pivotal. It is generally assumed known
or is chosen using one of many methods (some ad hoc)
advocated in the literature. A discussion of several of
these methods can be found in Park, Henry, and Spiegel-
man (1999). After fitting the k-source model, interest
often lies in describing the primary pollutants emitted
from each source. At this point, inference about the es-
timated pollutant concentrations is natural, but statisti-
cal inferential tools for such data has not received much
discussion in the literature. Because of the dependence
often exhibited by pollution data collected over time
and/or space, the standard x> goodness-of-fit statistic
as well as the usual procedures for doing inference for
model parameters are often invalid. In this paper, we
present an approach for incorporating dependence into
a factor analysis through the use of the block bootstrap
and then illustrate the usefulness of this procedure in
multivariate receptor modeling using data from the El
Paso, Texas/Ciudad Juarez, Mexico area.



2 Factor Analysis and Receptor
Models

Latent variable modeling is a statistical approach for
modeling the underlying structure in multivariate data
in terms of a smaller number of latent variables or fac-
tors. Once used predominantly in the social and behav-
ioral sciences where abstract quantities such as feelings,
aptitudes, and intelligence are difficult to measure, latent
variable models are now widely used in many disciplines
including the physical and environmental sciences. The
classical latent variable model is used to describe the
behavior of a random sample of p-variate observations
X;, 2 =1,...,n. The latent variable model states that
X; depends on an unobserved factor vector f;, where the
length of factor vector (k) is less than p. The latent vari-
able model allows one to explore the relationships among
the elements of X;, looking for underlying structure. A
model in the usual statistical sense, one can formulate a
specific hypothesis about the nature of the relationship
among the variables and then use inferential tools to
assess the model’s goodness-of-fit, construct confidence
intervals for model parameters, or conduct relevant hy-
pothesis tests. Unlike purely exploratory multivariate
techniques, latent variable modeling allows the research
to incorporate subject matter knowledge directly into
the model in order to give the fitted model interpretable
meaning.

The simplest latent variable model is the linear factor
analysis model

X;=v+Af;+e;, i=1,...,n, (1)

where ~ is an intercept, A is a p X k matrix of factor
coefficients or factor loadings, and e; is a p-vector of er-
ror terms. Though the model written in this form is not
uniquely identified, one can use subject matter knowl-
edge in order to constrain some of the factor loadings in
A to be constants (e.g., zeros and ones) so that the fac-
tors cannot be transformed without altering the model
form. An oft-used parameterization sets k of the ob-
served variables to be equal to one of the factors plus its
error term, essentially putting the rows of a k X k identity
matrix in k£ of the rows of A. The errors are generally
considered to be independent of each other and inde-
pendent of the factors, but we allow the factors to be
correlated since this parameterization is most useful in
practice. Thus,

Y11 0

var(e;) = ¥ = -
0 Yop
var(f;) = ®.

Letting A be the non-constant elements of A, we can
define a parameter vector 8 = (X', (vech ®)’, diag(¥®)’)’,
where “vech ®” is a vector containing the k(k + 1)/2
unique elements of the symmetric matrix ®. Given 6,
we note that the covariance matrix under the model is
3(0) = A®PA' + ¥. Estimates of 6 will then be val-
ues that in some sense minimizes the difference between
3(0) and S, the sample covariance matrix for X.

We now compare the factor analysis model (1) with
the receptor model used in the literature:

thAft—i—et, t=1,...,n, (2)

where X; is a p-vector of observed concentrations of am-
bient particles observed at time ¢, A is a p X k matrix of
non-negative source compositions, and f; is a k-vector of
non-negative pollution source contributions. Note that
the kth column of A consists of the proportions of the
kth pollution source that correspond to the p ambient
particles. Thus, each column of A sums to no more than
one. For example, if the first element in X, is acety-
lene and there are two pollution sources (auto exhaust
and industrial emissions), the receptor model states that
X1, the concentration of acetylene in the atmosphere at
time ¢, can be written

X1t = Afue+ Aafa +ex
= [% acetylene in auto exhaust] x
[concentration of auto exhaust in atmosphere]
+ [% acetylene in industrial emissions] x
[concentration of industrial emissions in atmos.]
+eit.

When A is known, the literature usually refers to
(2) as the chemical mass balance model. The pollution
source contributions can then be estimated using regres-
sion. However, it is more often the case that many of
the elements of the source composition matrix A need
to be estimated along with the pollution source contri-
butions f;,t = 1,...,n. In this situation, (2) is called a
multivariate receptor model and its similarities with (1)
are many. Much of the multivariate receptor modeling
studies in the literature use factor analytic techniques to
identify the number of pollution sources, the pollution
source compositions, and the pollution source contribu-
tions.

3 Temporal Dependence

The major difference between the use of multivariate re-
ceptor models in the literature and the use of classical



linear factor analysis models is that the n observations
in a pollution data set are rarely if ever from a random
sample. Rather, multivariate receptor models are used to
model data that exhibit temporal and/or spatial depen-
dence. There are several potential hazards of ignoring
dependence structure when carrying out a factor analy-
sis. First, after the model has been fitted, one can predict
the values of the factor process (the “factor scores”) for
each t. When temporal dependence is ignored, the pre-
dicted factor process will often fail to exhibit temporal
continuity. Second, parameter estimation may be biased
and inefficient. Third, inferential techniques commonly
associated with factor analysis (including goodness-of-
fit tests, hypothesis tests, and confidence intervals for
model parameters) will be invalid. In the present discus-
sion, we focus on the effect of dependence on inference
about the model parameters.

Throughout this paper, we consider a simulated 8-
variate time series of length 300 which depends upon 2
temporally-correlated factors according to the model

it = 0.5f; + e
T = 1.5f1; + eat
T3t = 0.5f2: + est
T4 = 1.5fa + ea (3)
zse = 0.25f;; + 0.25f2 + es5
zee = 0.75f1; + 0.75f + eet
Ty = ft + e
Tyt = for +  est,
t = 1,...,300, where each of fi, for,€14,---,€8: IS a

lognormal AR(1) process with autoregressive coeflicient
¢1 = 0.6. Ignoring the dependence in the data, the fol-
lowing model was fit using pseudo-independent, pseudo-
normal maximum likelihood:

1t = Aifie + Aefer + e
T = Aaifie + Aoafor + ex
z3z = Aaifie + Asafor + es
Ty = Aifie + Aafor + e 4)
Tse = Xsifie + Asafer + est
et = AXeifir + deafor +  est
Ty = fit + en
Tgr = for +  es:.

For each parameter in the model (factor loadings, factor
variances and covariance, and error variances), a 95%
confidence interval was created and the percent of repli-
cations in which the parameter was contained in the in-
terval was calculated. Average coverage probabilities for
each group of parameters is given in Table 1 as is the
Type I Error for the x2 goodness-of-fit test. Note that
the average coverage probability for the factor loadings
(of primary interest in most studies) is only 83%. Addi-
tionally, 68% of the time the goodness-of-fit test rejects

Table 1: Ignoring temporal dependence—average cover-
age probability for each set of parameters for a nominal
95% confidence interval, and Type I Error rate for x?
goodness-of-fit test.

Average
coverage Type I error
probability for x2 GOF test
Parameters (nominal 95%)  (nominal 5%)
A 83%
P 45% 68%
N4 60%

the model from which the data was generated. Thus,
positive dependence in the data will erroneously indicate
that more factors are needed in the model.

The inadequacy of the x? goodness-of-fit test when
data exhibit dependence has been noted, but the source
of the problem is often not explored further. In a study
of social interactions over time, the authors noted that “a
common problem with factor analytic studies of intrain-
dividual variability across time is the occurrence of spuri-
ous covariances between adjacent measurement periods.
This problem of excessive serial covariance leads to the
appearance of more factors than are actually the case.
Thus, the chi-square...will not be as informative” (Her-
shberger, Corneal, and Molenaar, 1994, p. 41). The au-
thors then recommend other model fit diagnostics. Park,
Henry, and Spiegelman (1999) compare the x? goodness-
of-fit test with 7 other model-fit diagnostics for selecting
the number of factors to retain in two different factor
analysis models of pollution data (collected in Atlanta
and the Grand Canyon National Park). For both fac-
tor analysis models, the x? goodness-of-fit test indicated
the need for more factors than all of the other model-fit
diagnostics considered. However, the dependence in the
pollution data and its effect on the x2 goodness-of-fit
test is never addressed.

The effect of temporal or spatial dependence on es-
timation and inference can be understood by an exami-
nation of the generalized least squares (GLS) estimator
of 8, the parameter vector for the factor analysis model.
In Anderson and Amemiya (1988) and Amemiya and
Anderson (1990), the normal maximum likelihood and
GLS estimators based on a random sample of observa-
tions are shown to be consistent, and have asymptotic
normal distributions, even when factors and errors are
nonnormal. Additionally, associated x? goodness-of-fit
statistics are shown to have asymptotic x? distributions
under the same general conditions. A GLS estimator can



be obtained by minimizing

SS(8) = n(vechS — vech (8)) I' ' (vechS — vech 3(8))
(5)

I’ = n'Var(vech S). (6)

where

Since the goodness of fit statistic SS(8) in (5) and the
covariance matrix for 6 both depend on TI', proper esti-
mation of this fourth-moment matrix is crucial. When
observations are independent and normal, then an un-
biased estimator I'y for I' can be obtained as a simple
function of sample second moments (see Fuller, 1987,
pp. 386-387). However, when the data are not indepen-
dent, both this normality-based fourth moment matrix
and the sample fourth moment matrix f‘s are biased for
T'. For example, in the presence of positive spatial or
temporal dependence among observations, the diagonal
elements of I'y and f‘s will underestimate the diagonal
elements of T', leading to deflated standard errors for the
elements of @ and inflated values for the goodness-of-fit
statistic SS(0).

Notwithstanding the hazards of ignoring temporal
and spatial dependence, the independence assumption
is implicitly assumed in almost every study involving
receptor modeling. One noteworthy exception is Park,
Guttorp, and Henry (2000) which incorporates temporal
dependence structure directly into a hierarchical model
and then estimates the model parameters (including fac-
tor process auto-regressive coefficients) using an MCMC
method.

We propose an alternative approach to the sophisti-
cated hierarchical modeling of Park, Guttorp, and Henry
(2000) which is more exploratory in nature. We use the
simple multivariate receptor/factor analysis model (2)
which can be fit using existing software packages. An
advantage of our approach is that it requires no assump-
tions about distributional forms, prior distributions for
parameters, or forms of covariance functions. We ac-
count for dependence structure by assuming only second-
order stationary for the temporal/spatial process and
then using an estimate of T in (6) for estimation and
inference which is approximately unbiased. A version
of the block bootstrap is used to estimate I'. We fa-
vor a bootstrapped estimate of I' to an estimate based
on models of the p® (cross-)covariograms for the multi-
variate process because of the problems associated with
ensuring the positive definiteness of I'. (For a discussion
of the problems associated with modeling and prediction
of multivariate spatial processes, see Ver Hoef and Barry,
1998). Additionally, the nonparametric block bootstrap
requires no assumptions about covariance forms.

In the following sections, we present a version of the

block bootstrap which is appropriate for the estimation
of moment matrices for dependent data and propose a
new multivariate extension of the optimal block size se-
lection algorithm originally proposed for univariate pro-
cesses by Hall, Horowitz, and Jing (1995). Though the
approach can be applied to spatially-correlated data as
well as temporally-correlated data, we henceforth focus
our discussion on the multivariate time series scenario
for simplicity. We conclude with an illustration of multi-
variate receptor modeling of volatile organic compounds
from the El Paso/Ciudad Juarez area.

4 The Block Bootstrap

The basic principle underlying the block bootstrap for
dependent observations is that by resampling contigu-
ous blocks of data of length ¢, then pasting the resam-
pled blocks together to form a bootstrap replicate, one
can preserve much of the dependence properties of the
original data in each bootstrap replicate. One can then
explore the distribution of a function of the data by ob-
serving the function of interest as it is applied to each
of the bootstrap replicates. Consider a univariate time
series

X = {331 T2 T3 T4 Ty Te T7 Tg T9 T10 Ti1 wlz}

and a function g(x). We may wish to estimate Var(g(x)).
One could use B standard (block size £ = 1) bootstrap
replicates

X, = {-705 T3 Tg T12 L9 T3 Tg Ty T10 T3 T1 1135}

XBp = {1135 T2 Ty Ti2 T2 T3 T4 L7 T9 Ty Ty 732}
to calculate g* = %Zi1 g(x}) and Va}(g(x)) =
ﬁzle(g(xf) — g*)2. But if positive dependence

is exhibited in x, then \7a\r(g(x)) will underestimate

Var(g(x)).

Instead of using the standard bootstrap (resampling
blocks of length ¢ = 1) as above, one could resample
blocks y; of length ¢ = 3 from
x = {z1 22 23 T4 Ts Te Tr Ty Tg Tio Ti1 Tiz}

—_————— — — —— — —
Y1 Y2 Y3 Ya

to create bootstrap replicates

*

x; = {Z4 x5 Te T7 Ty T T4 Ts T Tio T11 Tiz)
Y2 Y3 Y2 Ya

* —

Xp = {3310 11 ZL12 L1 T2 T3 T7 T L9 T1 T2 333}-

Y4 Y1 Y3 Y1



If the block size £ is large enough, the dependence in
the original data will be sufficiently preserved in each
bootstrap replicate. In fact, for the optimal choice of /,
51 D (9(x5) — §")? = Var(g(x))-

Block resampling for spatial data was proposed by
Hall (1985). Carlstein (1986) and Kiinch (1989) rec-
ommended block resampling for time series data us-
ing nonoverlapping blocks and overlapping blocks, re-
spectively. Politis and Romano (1994) proposed the
stationary bootstrap which creates bootstrap replicates
by randomly drawing an observation zj from the data
x = (21,...,&y) and defining 2} = ;. Then,

ot — Th+1 w.p. 1—p
2 random draw from x w.p. p,

and z3, ..., ], are defined in similar fashion. When p =
1/¢, the mean block length for the stationary bootstrap
(£) is equal to the block length under the Carlstein (1986)
and Kiinch (1989) resampling rules.

Our purpose in using block resampling is to obtain an
estimate of I' = n Var(vech S) for use in estimation (via
minimization of (5)) and inference. An ideal estimator
is one that is unbiased and has low variance, but such
an estimator is difficult to obtain. For our purposes of
estimation and inference, we wish to obtain a “good”
estimator in the sense of having low bias and low vari-
ance. Let X = (x1 X3 --- X,,)’ be the n X p multivariate
time series data matrix, where x; is the p x 1 observa-
tion vector at time ¢t. To apply the block bootstrap to
estimate I' from X, we first create bootstrap replicates
X1,...,X% using either non-overlapping blocks (Carl-
stein, 1986), overlapping blocks (Kiinch, 1989), or the
stationary bootstrap (Politis and Romano, 1994). For
example, using Carlstein or Kiinch’s rules with block size
£, one would be pasting randomly chosen £ x p blocks of
X in order to form a bootstrap replicate X;. For sim-
plicity of notation, we define the function

i ¥8) = e S - P -9 (D)
k=1

which calculates the standard sample covariance ma-
trix of y based on observations yi,...,Yx, where y =
% Zszl yx- Now, for each n x p bootstrap replicate
X; = (x}; x}5 --- x},)', we use the function (7) to ob-
tain

S; =S(xh,--,X0),

the sample covariance matrix for x;. Then, our initial
bootstrapped estimate of I is

I'* =n S(vech S, ...,vech S3), (8)

the sample covariance matrix for vech S*, where S(-,-)
is defined in (7).

Consider the simulation described at the beginning of
Section 3 in which we generated time series of length 300
according to model (3). The “true” I' was obtained by
generating 1000 realizations of the time series and cal-
culating I' = n Var(S). Block bootstrap estimates I'(,
were obtained from 400 realizations using (8) with block
size £ = 1,5,10,15,20, and 30. Because the goodness-
of-fit statistic SS(0) in (5) depends upon the inverse of
T, we not only wish that I'* be a good estimator of
T, but also that (I'*)~' be a good estimator of T'" .
These are not redundant goals since an alteration in the
smallest eigenvalues of an unbiased estimator I' will of-
ten yield another relatively unbiased estimator f‘, but

f‘_l might be dramatically different from AR Y order
to address the issue of estimation of both T' and I' %,
we consider the bias in the 36 ordered log-eigenvalues
of I'ty, £ = 1,5,10,15,20, and 30. Figure 1 com-
pares the 36 ordered log-eigenvalues of the true (sim-
ulated) T' with the 36 ordered log-eigenvalues of I‘&),
¢ = 1,5,10,15,20, and 30 (averaged over the 400 re-
alizations of each estimator). Note that although the
trace of F’(kZ) essentially plateaus as £ increases to 5~10
(see Figure 2), the underestimation of the smallest esti-
mated eigenvalues of I'(;) worsens as ¢ increases. This
increasing bias in the minimum eigenvalue estimates can
be explained by the fact that more linear dependencies
exist among bootstrap replicates as the block size in-
creases. Though these linear dependencies have little
effect on the estimated moments of any single compo-
nent of the multivariate time series, they can distort the
eigen-structure of estimated moment matrices enough to
significantly alter the estimated moment matrix inverses.

To adjust for the bias in the eigenvalues of I'* in es-
timating I', we use a nested block bootstrap similar to
the double bootstrap or nested bootstrap discussed by
Chapman and Hinkley (1986) and Davison and Hink-
ley (1997, pp.103-113). Recall that the bootstrap repli-
cates X7,...,X% used to obtain I'* in (8) were cre-
ated from the data matrix X. We note that from
the ith first-level bootstrap replicate X} we can obtain

B second-level bootstrap replicates X}7,...,X5 and
corresponding sample covariance matrices S}7,...,S}5,
*% __ *% *% *% \/
where Xz’j = (xijl Xij2 " xijn) )
*% *% *%
Si = S(xijl,...,xijn ,

j=1,...,B, and S(-,-) is defined in (7). Then the
second-level bootstrap estimate of I' based on X} can
be calculated using

;" =n S(vech S}y, ..., vech S}5). 9)
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Figure 1: The 36 ordered log-eigenvalues of the true (simulated) T', and the 36 ordered log-eigenvalues of 1'"(*[),
£=1,5,10,15,20, and 30 (averaged over the 400 realizations).

The nested block bootstrap is based on the idea that
the bias of I'* (8) in estimating I can be approximated
by the bias of I';* (9) in estimating I'*, which can be
found empirically. Beran and Srivastava (1985) recom-
mend pivots based on the log-eigenvalues when creat-
ing bootstrap confidence regions in order to stabilize the
variance of sample eigenvalues. We use similar reason-
ing to construct our nested block bootstrap estimate by
considering the bias of the log-eigenvalues of I'**. The
bias-adjusted estimate is

" =c*DCY, (10)

where I'* = C*D* C*' and I'}* = C}*D}* C}*' are the
spectral decompositions of I'* and I'}™*, respectively,

B
_ 1
D =exp{2logD* — — » logD;*; ,
{0 5, v}

and B (< B) is the number of first-level bootstrap repli-

cates from which I';* in (9) will be calculated. In order to
reduce the number of computations involved in obtain-
ing 1:‘*, one may obtain second-level bootstrap replicates
from each of only the first B; first-level bootstrap repli-
cates, where By might be on the order of 10 to 30. Using
only By of the B possible matrices I';* when calculating
D reduces the total number of replicates required from
B(1+ B) to B(1 + By)—that is, B at the first-level of

the bootstrap and and B x Bj at the second level.

We now consider the use of I’ in (10) as the weight
matrix in the GLS minimization of SS(@) in (5). Specif-
ically, we are interested in the inferential properties as-
sociated with the goodness-of-fit statistic SS(6) and the
confidence intervals for the elements of @ when using T
To evaluate these properties, we again generate time se-
ries of length 300 according to model (3). For each of the
400 generated realizations of the time series, T of (10)
was calculated using B = 100, By = 10, and block sizes
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Figure 2: Trace of I'(;), £ = 1,5,10,15,20, and 30. Trace of true (simulated) I' (=~ 135,000) given as solid line.

¢ = 1,5,10, and 15. (We denote these estimates f"(ke),
where the subscript in parentheses denotes the block
size.) Then, each estimate f‘ze) was used to estimate 6
via minimization of (5) and to obtain x? goodness-of-fit
statistics and confidence intervals for the factor loadings
(A). For comparison, we also use pseudo-independent
pseudo-normal maximum likelihood (found in the soft-
ware packages) to fit the model and carry out inference.

Figure 3 plots the average coverage probability for the
12 fitted factor loadings and the proportion of replica-
tions for which the null model was not rejected. For this
study, we use a = 0.05 so that we wish to observe 95%
coverage for the factor loading confidence intervals and a
95% “acceptance” rate for the goodness-of-fit test of the
null model. The~£naximum likelihood approach and the
approach using I' ;) both yield factor loading confidence
intervals with low coverage, and both have goodness-
of-fit test Type I error rates in excess of 60%. Appar-
ently, the optimal value for £ is in the neighborhood of

(5,10), since the goodness-of-fit “acceptance” rate when
using £ = 5 and £ = 10 is 0.961 and 0.947, respectively.
Also, the average coverage probability of confidence in-
tervals for the factor loadings is 0.944 when ¢ = 5 and
0.968 when ¢ = 10. Confidence intervals based on f‘:ls)
are slightly conservative, with average coverage proba-
bility of 0.983. As previously noted, the larger block size
leads to more substantial underestimation of the smallest
eigenvalues of the fourth moment matrix. Consequently,
the diagonal elements of (f‘:l 5))" " are inflated and the
x? goodness-of-fit statistics are too large, leading to a
null model acceptance rate of 0.857.

5 Block Size Determination

A plot such as that given in Figure 2 is helpful in deter-
mining the approximate value of the optimal block size.
That is, we expect the optimal block size (£) to corre-
spond to the location on a plot of tr(f‘&)) versus £ at
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Figure 3: Average coverage probability for factor loadings (dashed/“L”) and “acceptance” rate for x? goodness-of-fit
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which tr(f‘z})) begins to plateau. However, we wish to
have an approach which explicitly determines the best
choice for £.

The similarities between the block size selection prob-
lem and the classical bandwidth selection problem have
been noted by Hall, Horowitz, and Jing (1995). When
selecting a bandwidth (smoothing parameter) for esti-
mating a density f(z) based on zi,...,z,, increasing
the size of the bandwidth simultaneously increases the
squared bias and decreases the variance of the estimated
density. In the block size selection problem there is also
a variance/bias trade-off, although the relationship be-
tween the two is more complicated, particularly in the
multivariate setting where we are interested in estimat-
ing a variance-covariance matrix instead of just a single
variance.

Figure 4 illustraEe*s typical relationships between the
block size (£) and T, when positive dependence is ex-

hibited by the multivariate time series. Specifically, we
are interested in the behavior of f;(£) = the squared bias

of an element of f‘&), f2(£) = the variance of an element
of f‘&), and f3(¢) = the squared bias of the minimum

eigenvalue of f‘z}). The elements of 1:‘:1) are biased, but
the bias improves dramatically as £ approaches the op-
timal value of ¢ (where “optimal” refers to the value
yielding the f"(kl with the best inferential properties).
The function f; &) remains relatively constant (note the
plateau in Figure 2) before increasing as ¢ approaches
the length of the time series (n). The variance of an
element of 1:‘:1) (f2(€)) increases with £ until the block
size approaches the length of the time series, at which
point the bootstrap replicates are nearly identical and
the bootstrap breaks down. Recall that one of the re-
quirements for good properties of the x? test is low bias
in the smallest eigenvalues of f‘a) (since the goodness-



f_2()

1 Optimal |

block size (1)

Figure 4: Behavior of f;(£) = the squared bias of an element of f"(kl), f2(£) = the variance of an element of f‘:l), and

f3(6) =

of-fit statistic $S(8) of (5) depends upon 1:‘:[) through
(f"&))_l). Consequently, our choice of ¢ needs to keep
f3(£) at a low level. Our overall strategy is to select the
block size £ which minimizes some combination of f;(¢),

f2 (f), and f3(€)

Hall, Horowitz, and Jing (1995) propose an algorithm
for determining the optimal block size in the univari-
ate time series setting. Because interest is in a scalar
variance, their approach can ignore f3(¢) and selects the
block size which minimizes MSE(¢) = f;(£) + f2(¢). The
authors show that when estimating the variance v of a
univariate statistic g(x) based on data x = (z1,...,2,)
and using block size ¢, the MSE of the estimator 4(y) is
minimized when using £ = ¢ x n'/3. The approach given
by the authors is to estimate ¢ by finding the optimal
block size for a subset of m < m contiguous observa-
tions. We consider here a new multivariate extension of

the squared bias of the minimum eigenvalue of f‘&)’ as functions of the block size £ € (1,2,...,n).

the algorithm of Hall, Horowitz, and Jing (1995) which
is appropriate for estimating moment matrices from an
n X p data matrix X = (x1,...,%X,)".

1. From initial guess ¢y, obtain f‘zeo) using the block
bootstrap with block size £q.

2. Randomly choose D “chunks” of size m X p from X.
E.g., dth chunk: X@ = (%7, ..., X74m 1)-

3. For d =1,..., D, calculate I‘Z,E)) using X9 and the
block bootstrap with block size k.

4. Let k be the value
weighted MSE:

of k minimizing the

WMSE I‘(k) — vech f‘([o))/n_l

*(d)
D Z vech I‘(k)

x (vech T *(d)

(k) VeCh f‘(zo)) (11)



where Q oc Var(vech f"(keo))
5. 0=k x (n/m)'/3

We now discuss several issues to be considered in im-
plementing this algorithm. First, the algorithm can be
iterated by replacing £y in step 1 with /in step 5. Hall,
Horowitz, and Jing (1995) found that most often, the
algorithm converges after the first or second iteration.
Our experience verifies this finding in the multivariate
setting.

In Step 3, we calculate I‘*(d) in (8) instead of the less

biased but more computationally intensive I‘( & 1n (10).
But in the calculation of WMSE(Ty,) in Step 4, instead
of subtracting the biased ﬁrst—level bootstrap estimate

I‘&O) from vech T' X ,5) ), the bias-adjusted nested bootstrap

estimate vech I‘(lo) is subtracted to ensure that WMSE
is not dominated by the variance. This has the affect
of selecting a block size £ that is slightly larger because
WMSE has the form f;(£) + f2(¢) rather than the form
afi(€) + f2(£), for a < 1 (see Figure 4).

As noted above, the welght matrix 2 should be pro-
portional to Var(vech I‘(Z y)- When £ is too large or too
difficult to estimate, one can simplify Step 4 minimizing
the diagonal weighted MSE

D
1
DWMSE(T})) = Z(dlagr — diag F'y,))'Q "
d_
x(dlagI‘ (@) dlagI‘(l y - (12)

where Q « Var(diag f‘&o)). In the simulations and data
analysis to follow, we use (12) with © being a diagonal
matrix with each diagonal element equal to the square of
the corresponding element of diag f(zo)- Both (11) and
(12) are functions of f;(£) and f2(¢) only. In Step 4, one
might also consider minimizing functions such as

a1 DWMSE(T{,)) + a2 f3(£)
or
a1 DWMSE(T}y,) + a2 DWMSE((T)) ™),

where

DWMSE((r{k))—l) =
D
Z diag (I‘E‘,E))

. *d _
(diag (T3L))

— diag (T'(;,))~")'Q7" x

b |

— diag (f‘(eo))fl)a

and € is a diagonal matrix with each diagonal element
equal to the square of the corresponding element of

Table 2: Distribution of empirically chosen optimal block
length (lognormal factor and error processes).

L 2 3 6 10 13 19 29 39
Freq.| .15 .21 .15 .30 .09 .06 .03 .03

Table 3: Distribution of empirically chosen optimal block
length (normal factor and error processes).

l 2 3 6 10 13 19 29 39
Freq.| .06 .31 .51 .09 .03 .00 .003 .00

diag (f‘&o))*l. The performance of this algorithm when
minimizing functions other than (12) is currently being
investigated.

Lastly, we note that the algorithm generalizes in
a straightforward manner for the estimation of any
variance-covariance matrix such as the p X p matrix
Var(X). In fact, I’ can be considered to be of the form
T = nVar(A), where A; = vech (X; — X)(X; — X)/,
1=1,...,n

We consider the use of the algorithm for estimating
the optimal block size by generating time series of length
300 according to model (3). We consider data generated
from (3) where the AR(1) factor and error processes are
lognormal and normal. The autoregressive coefficient
for each of the two factor and elght €rror processes is
¢1 = 0.6, and when calculating T in (10), we use B = 50
and Bs = 20. As described in Section 4 and Figure 3, the
block size yielding optimal inferential properties when
fitting model (4) to these data is in the range (5,10).
For each of 400 generated realizations of the time series,
the algorithm given above was used to estimate the op-
timal block size, except that we minimized (12) instead
of (11) in Step 4. In Step 2, we use D = 20 “chunks”
of size m x p with m = 72. For k in Steps 3-4, the val-
ues k =1,2,4,6,7,12,18, and 24 were used. The value
of k minimizing (12) was then used in Step 5 to obtain
i~ 2,3,6,10,13,19,29, or 39, respectively. Tables 2
and 3 give the distribution of the empirically chosen op-
timal block length when factor and error processes are
lognormal and normal, respectively. We note that the
mode of each distribution is the range which is optimal
for inference. When the data are normally distributed,
the algorithm selects a block length in (3,10) over 90%
of the time. When the data are lognormally distributed,
only 65% of chosen block lengths are between 3 and 10.
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Figure 5: Hourly measurements of six VOCs over a 7-day period.

6 Modeling of the El Paso/Juarez
Pollution Data

We turn now to a collection of hourly measurements
of volatile organic compounds (VOCs) obtained dur-
ing a 55-day period of the summer of 1997 in the
El Paso, Texas/Ciudad Juarez, Mexico area (see Fu-
jita, 1998). We consider 10 of these VOCs includ-
ing: 2-methylpentane (2Mp), 3-methylpentane (3Mp),
Benzene, Cyclohexane, 2-methylhexane (2Mh), 2,2,4-
trimethylpentane (224Tmp), Propane, Ethylene, Acety-
lene, and n-Butane. Our purpose is to determine the
number of pollution sources from which these VOCs were
emitted. Fujita (1998) reported that between 50 and 67
percent of nonmethane hydrocarbon in this region is due
to vehicle exhaust, and that the second largest contrib-
utor of nonmethane hydrocarbon is industrial emissions,
accounting for 10 to 30 percent. We wish to evaluate
the hypothesis that the 10 VOC concentrations are the

result of two latent sources, namely auto exhaust and
industrial emissions.

The dependence in the data is illustrated in Figure 5,
which gives plots for six of these VOCs over a 7-day seg-
ment of the 55-day observation period. Some of these
VOCs are known to be closely associated with auto ex-
haust, including acetylene and ethylene, and to a lesser
degree, 2-methylpentane and 3-methylpentane. These
pollutants have daily peaks which roughly correspond to
the morning and evening rush hours and are less pro-
nounced on the Sunday and Saturday shown. Other
VOCs plotted in Figure 5 are known to be components
of emissions from local industry, including n-Butane,
Propane, and to a lesser degree, 2-methylpentane. Com-
paratively small components of auto exhaust, n-Butane
and Propane exhibit dependence structures which are
similar to each other, but decidedly different from acety-
lene and ethylene. Though we cannot observe the time
series of emission volumes from auto exhaust or indus-
trial emissions, we wish to evaluate the hypothesis that



the observed VOCs are linear combinations of these two
unobserved time series (factors), along with 10 error pro-
cesses which are independent of one another. It is clear
that statistical methods employed to analyze these data
should be robust to nonnormality, as these and other
environmental data often exhibit skewness.

We employ the errors-in-variables parameterization of
the linear factor analysis model. Using our knowledge
about the nature of these pollution sources, we select a
“tracer” pollutant for each of auto exhaust and indus-
trial emissions (Acetylene and n-Butane, respectively).
Though the choice of which observed variable is defined
to be equal to a factor plus error does not affect the
goodness-of-fit statistic, using such a parameterization
identifies the model and makes possible a physical inter-
pretation of the parameter estimates. Our hypothesized
model is

2Mp = Aafie + Afar + en
3Mp = Xoifie + Aoafar +  ex
Benzene = Asifir + Asafer + es:
Cyclohex = Aufiz + Aaofar +  ex
2Mh = Xsifir + Asafer + est (13)
224Tmp = JXe1fie + Ae2for + et
Propane = MAnfir + Arefar +  en
Ethylene Asifie + Asafar + est
Acetylene = St +  egs
n-Butane = for + eio-

In order to fit the model, we need an estimate of T'
in (6). Since measurements were taken hourly for 55
days, our data matrix X has 1320 rows, but 280 of these
measurements are missing. Notwithstanding, one can
still obtain the block bootstrap estimate by resampling
£ x p blocks of X, and performing the necessary calcu-
lations using the non-missing observations in each boot-
strap replicate. First, the block size was selected by
using the algorithm given in Section 5. When imple-
menting the algorithm, we used: B = 200 and B; = 10
when calculating f‘zlo) in Step 1, D = 20 chunks of size
m X p with m = 400 in Step 2, and B = 200 when cal-
culating I‘Z,E‘)i) in Step 3. In Step 4, we used (12) instead
of (11), and found this function to be minimized when k
was in the range (6,20), yielding / in the range (9,30) in
Step 5. In order to lessen the bias in the eigenvalues of
I (which worsens as £ increases), we choose /= 10, a
value at the low end of the estimated optimal range.

For comparison, we first fit model (13) using pseudo-
independent pseudo-normal maximum likelihood, the
default estimation technique in several of the software
packages. Using an o = 0.05 significance level, the 2-
factor model was rejected with a x? = 763.27 and p-
value < 10719, indicating the need for more factors in

the model. The 1-factor, 3-factor, and 4-factor models
were also fit, but these had similar values for the x?2
goodness-of-fit test associated with the maximum likeli-
hood fit. In contrast, when we obtain 6 by minimizing
(5), replacing ' with leo)a we obtain a goodness-of-fit
statistic x2 = SS(8) which accounts for the dependence
in the data. Using this approach, the 1-factor model
is rejected with x2> = 86.58 and p-value = 0.0000075,
but the hypothesized 2-factor model given in (13) does
not show lack of fit, with x2 = 40.81 and p-value =
0.0715. Thus, we conclude that the 10 VOCs can be con-
sidered to be products of 2 underlying pollution sources,
one closely associated with vehicle exhaust and the other
closely associated with industrial emissions.

7 Conclusion

Hypotheses about pollution source apportionment can
be assessed by a class of latent variable models known
as multivariate receptor models. When using subject-
matter knowledge, one can specify multivariate receptor
models that are identified and the estimates of the model
parameters can have a physical interpretation with prac-
tical value. Though dependence structure in air qual-
ity monitoring data is often ignored at the expense of
valid inference, one can incorporate dependence struc-
ture directly into estimation and inference via the block
bootstrap. This approach is particularly attractive when
observations are high-dimensional, since the modeling
of multivariate temporal and/or spatial covariance func-
tions is in general very complicated. The bias-adjusted,
nested block bootstrap introduced herein provides ap-
propriate parameter estimation and inference when using
latent variable models for dependent data. The applica-
tion of the methodology is facilitated by a new multivari-
ate extension of the block size determination algorithm
of Hall, Horowitz, and Jing (1995). The methodology
is used to determine that 10 volatile organic compounds
measured hourly during the summer of 1997 in the El
Paso/Ciudad Juarez can be considered to be products
of 2 underlying pollution sources, one closely associated
with vehicle exhaust and the other closely associated
with industrial emissions.
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