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Abstract

We consider the efficient estimation of a distribution
function F' under several models based on the Nonpara-
metric likelihood principle. Under the symmetry model,
we show that the Nonparametric MLE of F' coincides
with the symmetrize estimator. Under the auxiliary—
sample model, we discuss an estimator based on the to-
tal law of probability and show that it coincides with
the Nonparametric MLE of F. Assuming quadrant de-
pendence, we show that the estimator has a minimum
asymptotic relative efficiency of one with respect to the
empirical distribution function. We consider the inter-
section of the two models and present an efficient hy-
brid estimator. We show that the hybrid estimator has
an asymptotic normal distribution and converges to the
Nonparametric MLE of F' under the assumption of con-
ditional symmetry. A Monte Carlo simulation assesses
the small sample efficiency of the proposed estimators
under the Plackett family of bivariate distributions.

1 Introduction

Consider the problem of estimating the distribution
function F' of a random variable Y with known center 6.
There are two cases that are of common interest. The
first case concerns estimation of F(y) = P(Y < y) for a
fixed y; i.e. estimating a proportion. The second case
aims at estimating the entire distribution function. In
this article we assume F' is unknown and is represented
by sample and model information. We discuss estima-
tors that can be used for making pointwise estimates of
F(y) for fixed y as well as for every y.

Let y1,...,y, denote a random sample of size n
from F. The empirical distribution function (EDF)
E.(y) = LS " I(ys < y) is the unique, minimum
variance and unbiased estimator of F(y) (Lehman and
Casella, 1998). This estimator places probability mass
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L at each y;, i = 1,...,n and enjoys the property that

nF,(y) has a binomial distribution with parameters n
and F(y) for each fixed value of y. Thus, F),(y) is un-
biased with variance F(y)(1 — F(y))/n. EDF is a crude
estimator in the sense that it does not take into account
any existing model or covariate information.

In order to efficiently estimate F'(y) we would like
to incorporate existing model or covariate information
in the estimation process. Many robust procedures as-
sume the symmetry model, F( +y) =1 — F(§ — y) for
every y. Assuming that the observations are centered
at zero, Shuster (1973) introduced the symmetrize esti-
mator. The symmetrize estimator, F%(y) = %(Fn(y) +

1 — E,(—y)), is based on the observation that F},(y)
and F,(—y) are antithetic variates (Hammersley and
Handscomb, 1964). The estimator mirrors the sample
points around zero and places probability mass % at
+y;, ¢ = 1,...,n. This results in a minimum of 50%
reduction in sample size over F,(y) (see next section).
Arcones and Giné (1991) base a powerful bootstrap test
of symmetry on F¥(y). Hinkley (1975) and Taylor (1985)
discuss transformations to symmetry in cases where the
symmetry models are not justified and Breth (1982) con-
siders the Nonparametric estimation of a symmetric dis-
tribution function.

Consider the auxiliary—sample model which assumes
access to auxiliary information on a covariate X. The
auxiliary information consists of a large sample of m z’s.
A random sample of size n, which is usually much smaller
than m, bivariate pairs (z1,%1),- .., (Zn,Yn) is collected
on (X,Y) from the joint distribution function H. Since
m is large one can argue that the marginal distribution
K of X is known and equals its empirical distribution
function based on m z’x. The information supplied by
the auxiliary sample can be used to estimate F'(y) more
efficiently. It is also of interest to study the case where X
provides covariate information to estimate F'(y), which
is assumed symmetric.

In this paper, we discuss efficient estimation of F'(y) =
P(Y < y) under the above models based on the Non-
parametric maximum likelihood principle. We show



that the proposed estimators are MLE’s of F(y) and
are asymptotically normal. We obtain the asymptotic
variance of these estimators by inverting the Fisher’s in-
formation matrix. The invariance property of MLE’s
(Lehman and Casella, 1998) allows us to estimate t(F')
using t(F') for an arbitrary functional ¢.

In the next section, we show that the Nonparamet-
ric MLE for F(y) under the symmetry model coincides
with the symmetrize estimator. We discuss efficient es-
timation of F(y) under the auxiliary—sample model in
section 3. Under this model, we show that an estimator
based on the total law of probability coincides with the
Nonparametric MLE of F(y).

Section 4 considers the intersection of the two mod-
els and presents an efficient hybrid estimator. We show
that the hybrid estimator is asymptotically normal and
converges to the Nonparametric maximum likelihood of
F(y) when Y is conditionally symmetry. A Monte Carlo
simulation assesses the efficiency of the proposed estima-
tors in the last section.

2 The Nonparametric MLE of
F(y) under symmetry

The empirical estimate of the distribution function is
a natural estimator of F(y). One can show that the
empirical distribution function F},(y) maximizes L(F) =
[T, F({y:}), where F({y;}) is the probability of the
set {y;} and is therefore the Nonparametric maximum
likelihood estimate of F'(y) (Efron and Tibshirani, 1993,
P. 310; Kiefers and Wolfowitz (1956)). Using the same
principal one can obtain a Nonparametric estimator of
F(y) when the distribution is assumed to be symmetric
around zero as follows.

Let n = 2?21 n; where n; represents the observed
frequencies corresponding to the probabilities P;, i =
1,2,3. Let the sample values be grouped as follows
where, for example, P;(n;) denotes that there are n;
observations at or below —y and P, = P(Y < —y).

Y <

-y —y<Y <y
Py (nq)

Py (n3)

Y >y
Ps (n3)

Let F™¢(y) denote the Nonparametric MLE of F(y)
under symmetry. Subject to 2?21 P;=1and P, = P3,
we have cell configurations P; (n1),1 — 2P; (n2) and
P (n3). If y > 0, then we would like to estimate
Fly) =P+ P, =1- P, and if y < 0, we would like
to estimate F(y) = P,. The Nonparametric MLE of
F(y) is obtained by maximizing the likelihood function
L = P/ (1 —2P;)™P™. The equation for the MLE of

so Ologl _ ni+nsg _ _2no
Piis p- = M T—2P;

Erle(y) = P, = ﬁ(nl + n3) thus

= 0. One can verify that

Ee(y) = 3 (Fay) + 1~ Fu(—9) = E(y)

when y < 0 and E™e(y) =1— P, = 5= (n1+2n2+n3) =
F$(y) when y > 0. Thus, the Nonparametric MLE of
F(y) under symmetry coincides with the symmetrize
estimator. That is, F¥(y) is the MLE of f(Y) un-
der the symmetry model. One can show that Fe(y)
is monotone nondecreasing with F¢(—c0) = 0 and
E™me(50) = 0. Thus, it is a genuine distribution func-
tion.

Using the large sample properties of MLE’s, one can
show ﬁ,?le(y) is asymptotically normal with mean F'(y)
and

1 1

Var(E W) = oppy = g2 P~ 2R)

or Var(Fye(y)) = g F(=[y))(1 = 2F(~y)) where
P=Fy ify<O0and P, =1—- F(y) = F(—y) if
y >0and I(P) = —Epl(aa—;flogL) is the Fisher infor-
mation of Pi. In order to compare the estimators let
p(Faly), FiMe(y)) = var(F(y)) /var(E7™¢(y)). One can
show p(E,(y), F/™e(y)) = 2&%&:}58) > 2 when Y is
symmetric. One can plot a graph of the efficiency, rel-
ative to EDF, for a given choice of F. The graph is
similar to a double-exponential curve with asymptotic
tails at 2.0. The efficiency is greatest near the center
where it becomes infinite.

3 The Nonparametric MLE of
F(y) with auxiliary samples

Several authors have used auxiliary information to im-
prove the estimation of a distribution function. Un-
der a finite population model, Rao, Kovar and Mantel
(1990) proposed design-based estimators of the distri-
bution function. Kuk (1993) notes that the proposed
estimators depend on an implicit linearity assumption
between X and Y, and proposes an interesting method
by combining the known distribution of the auxiliary
variable with a kernel estimate of the conditional distri-
bution function of Y given X. Viewed in a finite popu-
lation model, the estimator we will discuss is based on
dichotomizing the Y values and does not depend on the
existence of a linear relationship between X and Y. In
fact, it will be shown that quadrant dependence is suffi-
cient to ensure a minimum asymptotic relative efficiency



of one with respect to the empirical distribution func-
tion. In an interesting application, Rothery (1982) dis-
cusses the use of auxiliary information for estimating the
power of a non-parametric test of hypothesis. Ocana and
Vegas (1995) show that the maximum likelihood estima-
tor of the power function coincides with the regression-
adjusted estimator. Koshevink (1994) discusses the Non-
parametric estimation of a distribution function in strat-
ified data under a biased sampling model. Hesterberg
and Nelson (1998) explore the use of stratified sampling
to estimate the distribution and quantile functions. In
particular, their discrete approximation yields the non-
parametric MLE of F(y). To incorporate the auxiliary
information we will condition on the auxiliary—sample
and apply the law of total probability as follows.

We assume that the m auxiliary—sample observations
fall into r+2 classes labeled C;, ¢ =0,...,r+1forr > 0.
The basic idea is post stratification of the sample in or-
der to increase the efficiency of the estimator (Cochran,
1977). We will classify Y asY < y or Y > y according to
the value of auxiliary X and form a linear combination
of the conditional distribution functions. Let the n ob-
served pairs (z;, y;) divide the (X,Y") plane into 2(r + 2)
regions as follows.

| X [ Y<y [ Y>y

Co = {z|z < zo}

Pri2 (nr42)

Cry1 = {z|z > 2.} Pry1 (nry1)

P y3 (n2r43)

Let n = Ef::?’ n; where n; denote the observed frequen-
cies with the corresponding probabilities P; = P(Y <y, X €
C;) and Piyry2o=P(Y >y, X €Cy), i=0,...,7+ 1. Con-
ditioning on the auxiliary sample is a natural approach when
estimating F(y). By the law of total probability we have
Fly)=Y5 P = Er“ F(y|X € C;)P(X € C;). Now, if
F(y|X € C), i =0,...r + 1 are estimated from the joint
sample (z;,vi), ¢ =1,...,n, one has

r+1
Py =3y ———p
o i + Nigr42

i=

(X € Cy).

The auxiliary information supplied through P(X € ;)
is used to reweigh the estimated conditional probabilities.
Thus, F*“*(y) is a weighted average of r + 2 estimated con-
ditional distribution functions. One may show that F*“(y)
coincides with the Nonparametric MLE of ng) as follows.
The Nonparametric MLE of F(y) = Z:: P; is obtained

by maximizing the likelihood function L = [["{* P,"i sub-

ject to Zf::?’ P; =1 and known P(X € C;) = P; + Piyryo.

The ith likelihood equation is aé"PgiL = %ﬁ — % =0,

"___P(X € C;). Thus, F*“*(y) =

Ni+Nni4ryn

with solution 151 =

Z:iol P; = F™*(y) and the two estimators are the same.

In order to show F™*(y) is a genuine distribution func-
tion for fixed 's we note that F2"*(+o0) = S04 p =1
because Piy, 42 = 0 and F***(—o00) = 0 because P; =0, i =
0,...,7 + 1. To show that F***(y) is monotone nondecreas-
ing we need to show g1 < yo implies F*“%(y;) < Fo%(ys).
Consider two tables with the observed frequencies, n; and
ny, i = 0,...,2r + 3. The tables are based on the same
sample of size m but are evaluated at y; and y» where
y1 < y2. Wehaven;, <n}, i =0,...,74+ 1 when y1 < yo.
Fov®(yy) < F%(y,) follows from the definition of F@%*(y)
for fixed z’s.

Using large sample properties of MLE’s, one can show
that F*“*(y) is asymptotically normal with mean F(y). The
asymptotic variance is obtained from the inverse of Fisher’s
information matrix of lsi’s

r+1
rauc 1 Pl(P(XECl)_Pl)
F = — .
Var(F™ W) = 3 Z, P(X € Cy)
We would like to study conditions under which

Var(F**(y)) < Var(F,(y)). Note that

r+1

ZPXGC

If we assume P, = P(X € C;,Y < y) > PY <
y) P(X € C;) for i = 0,...,r + 1, then it can be verified
that Var(F***(y)) < Var(F,(y)). The set of conditions
P, > P(Y <y)P(X € C;) lead to

Var(F™*(y)) — Var(Fu(y)) =

ZP —ZPXec],wy) H (i, y)
where H(zi,y) > P(Y <y E P(X € C;) = F(y)K ().
Conditions H(z;,y) > F(y)K(x ) for i=0,...,7r+1 are true

when X and Y are positively quadrant dependent (Lehmann
(1966)); ie. H(z,y) = P(X < o,V < y) > P(Y <
y)P(X < z) = F(y)K(z) for all (z,y) € R®>. One can
show that when X and Y are positively quadrant depen-
dent Cov(X,Y) > 0 (Nelsen, 1999, p. 153). It can be veri-
fied that p(Fu(y), F***(y)) = var(Fu(y))/var(F***(y)) > 1

whenever F2(y) < S/ %

that p(F,(y), F***(y)) = 1 when X and Y are independent.

To estimate F(y|X € C;) with precision, n; +nj4r42 must
be large. To that end one can increase n or decrease the
number of classes r. Since the number of pairs (z;,y;) is
usually small it is desirable to reduce the number of classes
to two or three. To form two classes we propose to select
from the m z’s and form the following 2 x 2 table.

In particular, we note

Y <y Y>y
X <z Py (no) P, (n2)
X >z Py (n1) P; (n3)

We would like to select s such that X and Y become
most concordant. We consider the boundary distributions



Hi(z,y) = min(F(y), K(2)) and H_1(z,y) = max(F(y) +
K(z) - 1,0) where H_y(z,y) < H(z,y) < Hi(z,y) (Mar-
dia, 1967, P. 30) and select zs; to maximize the upper bound
Hi(z,y) = L(F(y) + K(x) — [F(y) — K(@)]). It can be
seen that Hi(x,y) degenerates on the non-decreasing curve
F(y) = K(z). Thus, x = K~'(F(y)) will maximize the up-
per bound and a sensible selection strategy is to select z such
that § = |F(y) — K(z)| is minimum. In particular, we select
the smallest z, such that z, = K~ '(F,(y)) where K~

the qunatile function of X based on m auxiliary-sample ob-
servations. This is, in fact, the mF},(y)th smallest ordered
value of the m z’s. Since the EDF is a crude estimate of
F(y) one may consider the selection of more than one z,. A
simple procedure is to consider two values of y and find the
corresponding z, and zs where v < s and use the results for
the case r = 1.

Consider the conditions of positive quadrant dependence
in the 2 x 2 case where r = 0. The conditions P; = P(z €
Ci,y <y) > Pz € C;)P(y <y), for it = 0,1 lead to 7 =
%g%:— > 1 where 7 is the odds ratio. One can show that, in
the 2 x 2 case, (X,Y") are positively quadrant dependent if
and only if m# > 1 (Nelsen, 1999, P. 153; Lehmann, 1986, P.
176). We will consider the 2 x 2 case further in section 5,
where we discuss a Monte Carlo study.

4 A hybrid estimator for the
models at the intersection

In this section, we will use auxiliary as well as model informa-
tion to estimate F'(y). We assume that (z;,y;),i = 1,...,n
is a random sample from H(X,Y") and an auxiliary sample of
m X'’s is available in grouped form with r+2 classes. We also
assume that m is large relative to n so that P(X € C;), i =
0,...,7+ 1 is known and Y is marginally symmetric about
a known center 0, taken to be zero. Let the n = 23T+6
observed pairs divide the (X,Y) plane into 3(r +2) regions as
follows.

(X [Y<-y [-y<¥V<y [V>y
Co Py(no) Prio(nrt2) Porya(nzrsa)
C; P;(n;) Piprio(Mitr+2) || Pitor+a(nNitorsa)
Crst || Pryi(nes1) || Pors(norss) Psry5(nar4s)

In order to obtain the Nonparametric MLE of F(y) one
needs to maximize the likelihood function L = ngrg P

subject to E?H'S P,=1, P+ P42+ Piyorpa = P(X €
Ci), i=0,...,r+1and ZTH P, = Z?T;f+4P However,
the likelihood functlon does not have a solution. One may
instead combine the auxiliary—sample estimator and the sym-
metrize estimator of F'(y) to produce a hybrid estimator as
follows.

When y > 0 we would like to estimate F(y) = Zf::?’ P;.
Maximizing the likelihood function subject to the first two

conditions results in P; = L P(X € C;). The

nitNitrp2tnitorta R
auxiliary—sample estimator of F(y) is F*"%(y) = 2122;3 P;

and the symmetrize estimator of F(y) is 5 (y) = 1 (Fn(y) +
1 — Fy(—y)). Since Y is symmetric around zero, a more
efficient estimator is formed if one symmetrize an improved

estimate of F(y). Thus, the hybrid estimator is obtained

from Fh(y) = %(ﬁ“““”(y) +1-— Fa”(_y)) or
1 as Tigr42
=3t Z 2(ni + Nigry2 + Nigorya) P €.
When y < 0 one estimates F' ETH P; by
_1_ i Mitr+2 P(X € Ci)
2 2(ni + Nigrs2 + Nigorta) w

Note that F"(y) is bounded below or above at % depend-
ing on whether y < 0 or y > 0, respectively. It equals % when
nitr4+2 = 0 for i = 0,...7r+1; thus, suggesting zero is the cen-
ter of symmetry. To gain insight in the behavior of the hybrid
estimator note that P(Y < —y|X € C;) = P(Y > y|X € C))
for all ¢ and y implies that Y is symmetric around zero. We
consider the conditional distribution of Y given X € C; and
assume that it is symmetric about E(Y|X € C;). If one fur-
ther assumes that E(Y|X € C;) is known and set to zero,
one can show the hybrid estimator coincides with the Non-
parametric MLE of F(y) as follows.

When y > 0 an estimate for F(y) = Z?;gg P; is obtained
by maximizing the likelihood function L = H?’T+5 P;™ sub-
ject to S0 PPy =1, Pi+ Piyia + Pipara = P(X € C3),

and P; = Piy2y44, 1 =0,...,7 + 1. The resulting estimator
of Fly)=1-F(-y)=1-Y "% P is
r+1

N + Nitor44

lee § :
2(n; + Nitrt2 + Nit2ria)

P(X € C).

when y < 0, we have F(—y) = EH'I P; which is estimated

as

N + Nitorta

l:—ymle —
) lZ:o: 2(ns + Nigrg2 + Nigorta)

P(X € C;).

One can verify that F"(y) = F™¢(y) for all y. How-
ever, in most cases we do not know E(Y|X € C;). If this
is estimated by an unbiased and consistent estimator, then
the above argument holds asymptotically; i.e. as min(n;)
approaches co. Thus, the hybrid estimator obtained by com-
bining the symmetrize estimator and the auxiliary—sample
estimator is asymptotically the same as the Nonparametric
MLE, assuming that Y is conditionally symmetric.

Using the large sample properties of MLE’s, one can show
F"(y) is asymptotically normal with mean F(y) and variance

1 <= P(P(X €C) — 2P))
>

Var(F* () = 55 P(X € Cy)

=0



obtained from the inverse of Fisher’s variance matrix of
P’s.  To compare the hybrid and the EDF estimators
define p(F,(y /), F'"(y)) = Var(Fu(y))/Var(F"(y)). One
can show p(Fu(y), F"(y)) = 2(F(y) — F*(y))/(F(~lyl) -
23" P?/P(x € C;)). When X and Y are independent and
Y is symmetric, one can show that the hybrid estimator re-
duces to the symmetrize estimator and verify

p(Enly), F"(y)) = p(En(y), F*(y)).

Thus, the hybrid estimator is robust with respect to the in-
dependence assumption, but not with respect to the sym-
metry assumption. In fact, our simulation results show that
p(Fn(y), F*(y)) and p(F, (y), F" (y)) are less than unity when
Y is not symmetric. Note that

r+1

P2
(—lyl) prwﬂ

One can show Var(EF"(y)) < Var(F:(y)) when H(z;,y) >
F(y)K(z;), which are true when X and Y are positively
quadrant dependent. In fact, Var(F"(y)) = Var(F:(y))
when X and Y are independent.

Var(F"(y)) = Var(F;(y) = —(

5 Monte Carlo Simulation

In this section, some simulation results are summarized for
the purpose of comparing the estimators and their efficiency.
Plackett’s family of distributions is used to represent the joint
distribution of the variables X and Y. Plackett’s family of bi-
variate distributions is composed of all distribution functions
H(z,y) which satisfy

_ H(z,y)(1 = K(x) - F(y) + H(z,y))
(K(x) = H(z,y))(F(y) — H(z,y))

where K and F are arbitrary marginal distribution functions
and odds ratio w € (0,00). Thus, we can model a variety of
marginal with a full range of dependence. It can be shown
(Nelson, 1999, p. 153) that @ > 1 when X and Y are pos-
itively quadrant dependent and m = 1 when they are inde-
pendent.

A Monte Carlo simulation based on 2500 replications was
performed to estimate P(Y < y), where y was obtained from
F(y) = p, for p = 0.05,...,0.95 with increment of 0.05.
F(y) = 0.50 was excluded as the relative efficiency becomes
infinite at the center for several of the estimators. We gener-
ated n = 100 bivariate samples from a Plackett distribution
with 7 = 0 and 7 = 100 and marginal distributions: 7) Nor-
mal with mean zero and unit variance, %) Uniform in the
interval (0,1) and 4i) Exponential with mean 1. The above
nine bivariate distributions have specified marginal and de-
pendence structure measured by the odds-ratio (when r=0).
The distribution K (z) is estimated from an auxiliary sample
of size m = 1000 when 7 = 0 and m = 2000 when 7 = 100.
The smallest z, that satisfies the selection rule k(zs) > F(y)
was used to form the auxiliary—sample estimators. In partic-
ular, for the 2 x 2 case, we used z, = k™' (nF,(y)) and for

the 2 x 3 and 3 x 3 cases we used z, = k *(nE:(y)). For
3 x 2 and 3 x 3 cases, xs was set to the sth order statistic
and v was set to s — 1. To ensure three classes, when s =1
ors=nweused s =2ors=n—1withv=1o0rv=mn,
respectively.

The following estimators were compared in terms of
bias and relative efficiency: EDF Fn, symmetrize Fé, the
auxiliary— sample estimator for a 2 x 2 table SJZ% , the hybrid
estimator F 5, the auxiliary-sample estimator F§%§ and the
hybrid estimator ﬁ'gf‘xg,. The bias and the relative efficiencies
with respect to the EDF estimator for the nine bivariate dis-
tributions were obtained. Results for the case where X has
an exponential distribution are similar to those where X has
a uniform or normal distribution. We only report the results
for the case where X has an exponential distribution and
Y has a normal, uniform and exponential distribution. Fig-
ures 1-3 show plots of bias against p = F(y) and Figures 4-6
show plots of the relative efficiency against p for 7 = 1. The
corresponding graphs for = = 100 appear in Figures 7-12.

Figures 1-2 show that the bias of all the estimators lie
in the range (—0.004, 0.003) when Y is symmetric. Figure 3
conveys that FQXQ, F2X3, and FS have little bias whereas the
symmetry-based estimators F3><3, Fn, and F2X3 show sub-
stantial bias in the range (0.06, —0.14). The reason for the
bias is the fact that Y is asymmetric in this case. Figures
4-5 show the finite sample relative efficiency for Fé and 13}’;3
are identical and followed by a graph of ngg. In this case
0 = 1 implies that the auxiliary sample does not provide
more information to the hybrid estimator. The graph of rel-
ative efficiency is similar to a double-exponential curve with
asymptotic tails at 2.0. F5%¢ and F§%% behave similar to
the EDF. Figure 6 show that the small sample relative effi-
ciency falls below 1.0 for symmetry-based estimators when Y
is asymmetric.

Figures 7-8 show that the bias of all estimators lie in the
range (—0.008,0.006) when Y is symmetric. F§%5 and F§Us
behave similarly and show more bias than others. Figure 9 is
similar to Figure 3 and shows much more bias for symmetry-
based estimators when Y is asymmetric. Figures 10-11 show
similar behavior for symmetry-based estimators. If one com-
pares Figures 10-11 with Figures 4-5 one observes that sym-
metry provides as much information as an auxiliary sample
of size m when 6 = 100. Figures 10-12 show that Fgz and
F3><2 have a finite sample relative efficiency of at least 1 and
at most 3.0. Figure 12 shows relative efficiencies which are
below 1.0 for all symmetry-based estimators.
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Figure {: Bias for (X, Y)=(Exp., Normal) with 8=1 and m=1000
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Figure 2: Bias for (X, Y)=(Fxp., Uniform) with 6=1 and m=1000C
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Figure 3: Bias for (X, Y)=(Exp., Exp.) with 6=1 and m=1000
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Figure 4: Relative Efficiency for (X, 7)=(Ezp., Normal) with 8=1 and m=1000
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Figure 5: Relative efficiency for (X, 7Y)=(Ezp., Uniform) with 8=1 and m=1000
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Figure 6: Relative Efficiency for (X, V)=(Fxzp., EFxp.) with =1 and m=1000
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Figure ¥: Bias for (X, Y)=(Exp., Normal) with 8§=100 and m=2000
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Figure 8: Bias for (X, Y)=(Exp., Uniform) with =100 and m=2000
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Figure 9: Bias for (X.Y)=(Exp., Exp.) with 6=100 and m=2000
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Figure {: Reiative Efficiency for (X, Y)=(FErp., Normal) with 6=100 and m=2000
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Figure f1: Relative efficiency for (X, YI=(Erp., Uniform} with =100 and m=2000
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Figure 12: Relative Efficiency for (X, Y)=(Ezp., Exp.) with §=100 and m=2000
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