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Abstract

We describe an approach to building models for data with
random effects. The modeling includes both random location
effects and random scale effects. The approach consists of a
sequence of steps. In each step, model building tools based on
certain statistics are used to study the structure of the data and
identify or check an aspect of the model; the results of most of
the steps are used explicitly in subsequent steps. This paper
presents the properties of the statistics for a general class of
location and scale models, and briefly describes the sequence
and the tools. The paper is a supporting document for (Cleve-
land, Denby, and Liu 2000), which introduces the approach
and describes by example how it is used in practice for model
building.

1 Introduction

Models used in practice for data with random effects —
both Bayesian and frequentist models — are often complex.
Added to the structure of the fixed effects, which by itself can
be complex, are the assumptions about the random-effects
distributions. The model complexity has impeded progress
in the development of model building tools. For example, it
is commonly the case in practice that random-effects distri-
butions are simply assumed and not checked.

In applications, random-effects components of models de-
scribe the variation in units. For example, in an experiment
in rat growth, the units are the rats. In almost all applications,
unit variability is modeled by random location effects. How-
ever, scales can vary across units as well, and often do. Still,
random scale variation is seldom modeled. A small num-
ber of examples may be found in (Lindley 1971; Leonard
1975; Brady 1985; Cox and Solomon 1986; James, Venables,
Dry, and Wiskich 1994; Chinchilli, Esinhart, and Miller 1995;
Nusser, Carriquiry, Dodd, and Fuller 1996; Johnson 1997;
Lin, Raz, and Harlow 1997; Clark, Cleveland, Denby, and Liu
1999; Cleveland, Denby, and Liu 2000). Responses treated
in these references are subjective-scale rating data, university
course grades, food nutrient intakes, lengths of menstrual cy-

cles, fabric breaking strengths, heart pulse rates, respiration
rates in soybean mitochondria, and serum cholesterol con-
centrations. But it seems likely that there are random scale
effects in many other types of data.

Cleveland, Denby, and Liu (2000) present an approach to
model building that consists of a sequence of steps in which
the results for each step are used in subsequent steps. They
treat models with random scale effects as well as location ef-
fects. In the context of examples, they present motivation,
background, the sequence of steps, and the tools used in each
step. The tools depend on statistics derived from the data, and
in the paper, the statistics and their properties are presented
for the specific models in the examples.

This paper is a supporting document for (Cleveland,
Denby, and Liu 2000). We present a general class of mod-
els and give the statistics and their properties for the class.
We also briefly describe the sequence and the tools, but there
are no examples. Section 2 presents the general model. Sec-
tion 3 presents formulas on which the model building tools
are based. Section 4 presents the model building sequence;
it contains references to Section 3 but we suggest a cursory
reading before reading Section 3, and a more detailed reading
after. Overall, this paper gives an efficient presentation of the
methods, and sets out needed formulas, but is quite dry.

2 A General Model for Data with Ran-
dom Location and Scale Effects

The discussion here is carried out for a general class of
random-effects models with normal errors. The class pro-
vides adequate fits to a wide class of data sets with responses
measured on a continuous scale. The normality of the errors
could be replaced by another distribution but would require
considerations beyond those of this paper.

Suppose that ruj for u = 1 to m and j = 1 to nu are mea-
surements of a response. Each unit u has nu observations
of the response. Suppose there are k� fixed-effects explana-
tory variables and k� random-effects explanatory variables.
Let v(k)uj be the measurements of the k-th fixed-effects vari-



able and let w(k)uj be the measurements of the k-th random-
effects variable. Let N =

P
m

u=1 nu be the number of obser-
vations of the response and of each explanatory variable.

The model is

ruj =

k�X
k=1

�(k)v(k)uj +

k�X
k=1

�(k)uw(k)uj + 
u�uj : (1)

The � = (�(1); : : : ; �(k�))
0 are fixed-effect parameters. The

�u = (�(1)u; : : : ; �(k�)u)
0, the parameters of the random lo-

cation effects, are i.i.d. multivariate random variables. We
will suppose that the random-effects explanatory variables are
contained in the space spanned by the fixed-effects explana-
tory variables, and take E(�(k)u) = 0. The �uj , error terms,
are i.i.d. normal with E(�uj) = 0. If the standard deviation
(scale) of the �uj is constant, it will be denoted by �(�). We
will allow for one form of fixed scale effects — the scale de-
pends on the value of a categorical explanatory variable, zuj ,
normally one of the fixed-effects variables v (k)uj . In such
a case we denote the error scale by �z(�uj). The 
u, the
random scale effects, are i.i.d. scalar random variables, and
E(
2u) = 1 because we have parameterized the variance of
�uj . Finally, we suppose that the three collections of random
variables — �u, 
u, and �uj — are mutually independent.

Throughout, we will use �2(Æ) to denote the variance of
the scalar random variable Æ. We will take some liberties with
subscripts. If we have a collection of variables Æk all of which
have the same variance, we will simply use �2(Æ) instead of
�
2(Æk); we have already begun this convention with �(�). If

the variance of Æk depends on a categorical variable, zk, we
write �z(Æk). We have already begun this convention with
�z(�uj). A similar convention holds for the covariance matrix
�(Æ) of a multivariate random variable Æ.

3 Unit Regressions: The Statistics and
Their Properties

Most of our model building methods are based on unit regres-
sions: ruj is regressed on w(1)uj ; : : : ; w(k�)uj for each u = 1
to m. When there are fixed location or scale effects, we cor-
rect ruj for these effects before carrying out the regressions.

3.1 Adjustment of ruj for Fixed Location and
Scale Effects

Suppose for the moment that �(k) and �z(�uj) are known.
We will correct the response for the fixed location and scale
effects using these known values and then carry out the unit
regressions. Of course, in practice, we must correct with es-
timates, and in Section 3.8 we discuss estimation.

Let tuj be ruj adjusted for the fixed location effects:

tuj = ruj �
k�X
k=1

�(k)v(k)uj : (2)

Let yuj be ruj adjusted for both the fixed location and scale
effects:

yuj =
tuj

�z(�uj)
: (3)

Even when the error variance is constant, we adjust for the
scale; as we shall see, in this constant case the adjustment
serves the useful purpose of scaling the error term in a conve-
nient way.

3.2 The Unit Regression Equation

Let

x(k)uj =
w(k)uj

�z(�uj)

�u =
�u

�z(�uj)

�uj =
�uj

�z(�uj)

�uj = 
u�uj :

Then Equation 3 becomes

yuj =

k�X
k=1

�(k)ux(k)uj + �uj ; (4)

or

yuj =

k�X
k=1

�(k)uw(k)uj + �uj : (5)

Equation 4 maintains the random-location parameters in the
original units and rescales the w(k)uj , and Equation 5 main-
tains the w(k)uj in the original units and rescales the �u. In
some applications the first is convenient, and in others the
second is convenient. In the remainder of this paper we will
use the scaling of Equation 4.

For fixed u, conditional on �u and 
u, Equation 4 for j = 1
to nu is the unit regression equation for unit u. The unknown
parameters are �u and 
u, and the errors �uj are normal with
mean 0 and variance 1. The unit regression equation in matrix
notation is

yu = Xu�u + 
u�u = Xu�u + �u;

where

yu = (yu1; : : : ; yunu)
0

�u = (�u1; : : : ; �unu)
0

�u = (�u1; : : : ; �unu)
0



andXu is an nu�k� matrix whose (j; k)-th element is x(k)uj .
Let

Pu = Xu(X
0

uXu)
�1
X

0

u (6)

be the projection matrix onto the space spanned by the
columns of Xu, and let �Pu = Inu � Pu where Inu is the
nu � nu identity matrix. Let puij be the (i; j)-th element of
Pu, and let �puij be the (i; j)-th element of �Pu.

3.3 Estimates of Random Location Parame-
ters

The least squares estimate of �u from the u-th unit regression
is

�̂u = (X 0

u
Xu)

�1
X

0

u
yu

= �u + 
u(X
0

u
Xu)

�1
X

0

u
�u

= �u + 
u�u (7)

where

�u = (X 0

u
Xu)

�1
X

0

u
�u � N(0; (X 0

u
Xu)

�1):

The distribution of �̂u is an additive-multiplicative convolu-
tion of the distributions of �u, 
u, and �u. The distribution
depends on both �u and 
u, and it changes with Xu. Let
�(�) be the variance-covariance matrix of �u, and let �(�̂u)
be the variance-covariance matrix of �̂u. Then

�(�̂u) = �(�) + (X 0

u
Xu)

�1
: (8)

3.4 Residuals

The residuals from the unit regression are

�̂u = (�̂u1; : : : ; �̂unu)
0

= yu �Xu�̂u

= 
u
�Pu�u

= 
u�̂u:

where

�̂u = (�̂u1; : : : ; �̂unu)
0 = �Pu�u � N(0; �Pu):

Thus
�
2(�̂uj) = �pujj : (9)

3.5 Standardized Residuals

The standardized residuals are

 ̂uj =
�̂ujp
�pujj

= 
u
�̂ujp
�pujj

� 
uN(0; 1): (10)

Let
 ̂u = ( ̂u1; : : : ;  ̂unu)

0
:

The distribution of  ̂uj is independent of �u, depends on 
u,
and does not vary with nu. The distribution is a multiplicative
convolution of the 
u and the standard normal. For example,
suppose



2
u � IG(h; h� 1) (11)

where h > 2. IG(h; �) is an inverse gamma distribution
with shape h and scale �, which means that � divided by the
random variable is G(h; 1); the mean is �(h � 1)�1 and the
variance is �2(h � 1)�2(h � 2)�1. Suppose furthermore in
our example that d = 2h is an integer (greater than 4). Then

 ̂uj � T (d; 0; 1� 2=d)

where T (d; 0; �2) is a t distribution with d degrees of free-
dom, location 0, and scale �.

The effect of �2(
2) > 0 is to make the tails of the  ̂uj
heavier than those of a normal, at least as measured by the
standard coefficient of kurtosis, which is zero for the normal.
The variance of  ̂uj is

E( ̂2
uj
) = 1;

the variance of 
2u is

�
2(
2) = E


4
u
� 1;

and
E( ̂4uj) = 3(�2(
2) + 1)

because the fourth moment of a N(0; 1) variable is 3. The
coefficient of kurtosis of the  ̂uj is

E( ̂4
uj
)

E2( ̂2
uj
)
� 3 = 3�2(
2): (12)

As �2(
2) increases, the coefficient increases.

3.6 Residual Variance

Let s2u be the residual variance, the residual sum of squares
divided by the degrees of freedom:

s
2
u
=

�̂
0

u
�̂u

nu � k�
= 


2
u

�̂
0

u
�̂u

nu � k�
: (13)

Then
s
2
u � 


2
uMSQ(nu � k�) (14)

whereMSQ(d) is a mean-square distribution with d degrees
of freedom, the distribution of a chi-square random variable
divided by its degrees of freedom. The distribution of s 2

u
is

independent of �u, depends on 
u, and varies with nu. For



example, if 
2
u
� IG(h; h � 1), and d = 2h is an integer

greater than 4, then

s
2
u
� (1� 2=d)F (nu � k� ; d)

where F (f1; f2) is an F -distribution with f1 and f2 degrees
of freedom.

If �2(
2) = 0, then

�
2(s2

u
) =

2

nu � k�
: (15)

The effect of �2(
2) > 0 is to inflate �2(s2
u
) because

�
2
(s
2
u) =

2

nu � k�
+ �

2
(


2
)

�
1 +

2

nu � k�

�
: (16)

3.7 Studentized Residuals

The studentized residuals are

�̂u = (�̂u1; : : : ; �̂unu)
0 =

 ̂u

su
;

and we have

�̂uj =

p
nu � k�
p
�pujj

�̂ujq
�̂ 0
u
�̂u

: (17)

A random variable on [�1; 1] has a double squared beta
distribution, DSB(r; s), if its distribution is symmetric and
its square is distributed BETA(r; s). We can think of this
distribution as follows. Start with a BETA(r; s) variable on
[0,1], and take the square root, which has a “squared beta”
distribution because the square is a BETA(r; s) (just like a
“log normal” is a variable whose log is normal). Now sym-
metrize the squared beta by reflecting the density about zero;
the result is a “double squared beta” (just like a “double ex-
ponential”, which is a symmetrized exponential).

A simple derivation shows that

�̂uj �
p
nu � k�DSB(1=2; (nu � k� � 1)=2): (18)

The distribution is independent of �u and 
u, but it changes
with nu.

3.8 Adjustment of ruj for Fixed Effects Using
Estimates of the Fixed- Effects Parameters

Our adjustment method is to follow Section 3.1; we estimate
the fixed location-effects parameters, both location and scale,
assume the estimates are the true parameters and use the ad-
justment equations in Section 3.1.

We estimate the the �(k) by �̂(k), the least squares esti-
mates from regressing ruj on the k� variables v(k)uj for k =

1 to k�. The least squares estimates are reasonable because,
taking expectations across all random variables, E(�̂ (k)) =

�(k), although in the end we will have more efficient esti-
mates when the whole model structure is taken into account;
however, for model building, the least squares estimates are
likely to be adequate. Before moving to scale estimation and
adjustment, we correct for the fixed location effects assuming
�(k) = �̂(k), forming tuj .

Next we estimate the error scale. First, suppose it is con-
stant, equal to �(�). We carry out the unit regressions without
scale adjustment, forming �̂u, and then estimate �(�) by

�̂
2(�) =

P
m

u=1

P
nu

j=1(tuj �
Pk�

k=1 �̂(k)uw(k)uj)
2

N �mk�
:

As stated in Section 3.1, we carry out scale adjustment even
in this constant case because it provides a convenient scaling
for the model building. Now suppose the scale is not constant,
equal to �z(�uj). Let Q(z) be the set of indices (u; j) for
which zuj = z, and let kz be the number of unique values
of zuj . From Equations 3 and 4 and Section 3.4 we have the
following nz equations:

E

X
Q(z)

 
tuj �

Pk�

k=1 �̂(k)uw(k)uj

�z(�uj)

!2

=
X
Q(z)

�pujj : (19)

Note that each �pujj depends on the nz values of �z(�uj). We
remove the expectations from Equation 19 and form the fol-
lowing nz equations:

X
Q(z)

 
tuj �

Pk�

k=1 �̂(k)uw(k)uj

�z(�uj)

!2

=
X
Q(z)

�pujj : (20)

Repeated solution of these equations can be used to estimate
the �z(�uj). We begin with estimates of �̂(k)u without scale
adjustment, that is, assuming a constant error scale. Then
we solve the nz equations in Equation 20 getting estimates
�̂z(�uj). Then we adjust for the error scale using these es-
timates, recompute the �̂(k)u, and then recompute �̂z(�uj).
The procedure is iterated until it converges.

3.9 Estimating Variances

In the course of our model building, we will use estimates of
the variances �2(
2) and �2(s2u), and estimates of the covari-
ance matrices �(�) and �(�̂u). Equation 12 can used to form
an estimate of �2(
2):

�̂
2(
2) =

Pm

u=1

Pnu

j=1  ̂
4
uj

3N
� 1: (21)



Equations 16 and 21 can be used to form an estimate of
�
2(s2u):

�̂
2(s2

u
) =

2

nu � k�
+ �̂

2(
2)

�
1 +

2

nu � k�

�
: (22)

Equation 8 can used to form an estimate of �(�):

�̂(�) = m
�1

mX
u=1

(�̂u�̂
0

u � (X
0

uXu)
�1

): (23)

Equations 8 and 23 can be used to form an estimate of �( �̂u):

�̂(�̂u) = �̂(�) + (X 0

u
Xu)

�1
: (24)

4 A Sequence of Model Building Steps

The model building process consists of a sequence of steps.
In each step, model building tools based on certain statis-
tics are used to study the structure of the data and identify
or check an aspect of the model; the results of most of the
steps are used explicitly in subsequent steps.

4.1 Step 1: An Initial Specification of the Re-
gression Components and Fixed Scale Ef-
fects

We need an initial partial model for the data from the model
class in Equation 1 that specifies the structure of the fixed-
effects regression component

k�X
k=1

�(k)v(k)uj ;

the random-effects regression component

k�X
k=1

�(k)uw(k)uj ;

and any fixed scale effect �z(�uj). At this stage we leave open
the form of the distributions of �u and 
u; these specifications
come in later steps. Also, specifications that already exist
in the model class, such as the normality of the �uj and the
independence of 
u and �u, will be checked in later steps.

Specification of the regression components and fixed scale
effects will depend on our knowledge external to the data,
but we can explore the data as well using visualization. It
is not possible at this level of generality to lay out specific
exploration tools. The nature of the explanatory variables de-
termines what is likely to be useful. It is sometimes helpful to
visualize the data for each unit separately, for example, if the
explanatory variables take on the same values for each unit. It

is sometimes helpful to study the dependence on fixed-effects
explanatory variables by visualizations that pool across units;
in so doing the variability in the visual displays becomes the
error variability together with the random-effects variability.

4.2 Step 2: Initial Adjustment of the Fixed Lo-
cation and Scale Effects

As described in Section 3.8, we estimate the fixed location-
effects parameters, �(k), and the fixed scale-effects parame-
ters �z(�), and then adjust for the fixed effects. We consider
the estimates to be the true values in the subsequent steps.

4.3 Step 3: Checking the Assumption of Nor-
mality of the Errors

The assumption of normality of the errors, �uj , or equiva-
lently, the standardized errors, �uj , can be checked using the
studentized residuals, �̂uj . From Equation 18, under normal-
ity,

�̂uj �
p
nu � k�DSB(1=2; (nu � k� � 1)=2):

If nu is constant, the �̂uj are identically distributed (i.d.), and
we check the assumption by an i.d. quantile plot (Cleveland
1993). If the nu vary, then the �̂uj are not i.d., and we use a
mixture quantile plot (Cleveland 2000).

The normal distribution is symmetric, and the standard-
ized residuals,  ̂uj , can be used to check the symmetry of
the �uj , which provides a partial check of normality. From
Equation 10,

 ̂uj = 
u
�̂ujp
�pujj

:

If �uj is symmetric,  ̂uj is symmetric because �̂uj is sym-
metric and 
u is a nonnegative random variable. A normal
quantile plot of the  ̂uj is one way to check their symmetry.

Suppose the normal distribution does not appear to be a
good approximation. Sometimes a transformation of the re-
sponse can be the remedy. If not, we must find a non-normal
approximation. Often, the diagnostic plots for normality help
identify the new distribution. But the above distributional
results for the statistics �̂uj and  ̂uj do not hold in general
under non-normality; we must find their distributions under
other assumptions either by derivation or simulation. In some
cases we might want to use other statistics in their place.
The subsequent steps in our model building process need al-
teration in a similar way; the non-normal case proceeds us-
ing the same framework as the normal, but the details must
change. Here, we will suppose that normality does provide a
good approximation.



4.4 Step 4: Checking for the Presence of Ran-
dom Scale Effects

We now have in place a specification of normality for the
�uj . Based on this specification, we explore the data using
the standardized residuals,  ̂uj , and the residual variances,
s
2
u

, to determine if random scale effects appear to be present.
If random scale effects are not present, then, from Equa-

tions 10 and 14,
 ̂uj � N(0; 1);

and
s
2
u �MSQ(nu � k�):

We can search for evidence of random scale effects by study-
ing the empirical distributions of  ̂uj and s2

u
to see if they

follow these no-scale-effect reference distributions. For  ̂uj
we simply use an i.d. normal quantile plot. For s2

u
, if nu is

constant, we use an i.d. MSQ quantile plot, and if nu varies,
we use a mixture MSQ quantile plot. In the latter case we
need the variance of s2

u
, which, from Equation 15, is

�
2(s2

u
) =

2

nu � k�
:

.
Quantile plots are typically more effective if the displayed

variables have distributions that are symmetric or nearly so.
The empirical distribution of s2

u
is typically strongly skewed

toward large values, but the fourth roots are often closer to
symmetric, so our practice is to plot fourth root s2u against the
fourth roots of the quantiles of the reference distribution.

4.5 Step 5: Identifying the Distribution of 
u
We now have two specifications in place — normality for the
�uj and an assumption that random scale effects are present.
Based on these specifications, we explore the data using  ̂uj
and s2u to specify the distribution of 
u.

From Equations 10 and 14,

 ̂uj � 
uN(0; 1);

and
s
2
u � 


2
uMSQ(nu � k�):

Graphical deconvolution procedures, one based on s 2u and an-
other on  ̂uj , are used to identify the unknown distribution of


2
u.

For  ̂uj , we posit a distribution for 
2
u

, generate (derive or
simulate) quantiles of the reference distribution, 
uN(0; 1),
and make an i.d. quantile plot of the  ̂uj using the generated
quantiles.

For s2
u

, we posit a distribution for 
2
u

, generate quantiles
of the reference distribution 
 2

u
MSQ(nu�k�), and make an

i.d. quantile plot if the nu are equal and a mixture quantile
plot if not. To carry out the mixture quantile method with s 2u
we use the estimate �̂2(s2

u
) of �2(s2

u
) from Equation 22.

For the distribution of 
2
u

we can consider standard fami-
lies for positive random variables. Four are the following:

1. Gamma: G(h; � = h
�1), where h is the shape param-

eter and � the scale; the mean is �h and the variance is
�
2
h.

2. Weibull: W (h; � = ��1(h�1 + 1)), where h is the
transformation parameter and � the scale; the mean is
��(h�1 + 1) and the variance is �2(�(2h�1 + 1) �
�2(h�1 + 1)).

3. Inverse Gamma: IG(h; � = h�1), where h is the shape
and � the scale, and � divided by the random variable
is G(h; 1); the mean is �(h � 1)�1 and the variance is
�
2(h� 1)�2(h� 2)�1.

4. Log Normal: LN(h; �2 = �2h), where h and � are
the mean and scale (standard deviation) of the natural
log of the random variable; the mean is eh+�

2
=2 and the

variance is e�
2

� 1.
The scale parameter of each of these distributional families
has been set to a value that makesE(
2u) = 1. One parameter,
h, remains to specify a member of the family. One approach
is to use trial values and make a quantile plot for each trial
value. A second is to choose an h so that the variance of
the distribution is equal to the estimated variance �̂ 2(
2) in
Equation 21. This leads to the following values for h:

1. Gamma: h = �̂
�2(
2).

2. Weibull: h is the solution to
�̂
2(
2) = 2h��2(h�1)�(2h�1)� 1.

3. Inverse Gamma: h = �̂
�2(
2) + 2.

4. Log Normal: h = �0:5 log(1 + �̂
2(
2)).

4.6 Step 5: Identifying the Distribution of �u
We now have three specifications in place — normality for
the �uj , an assumption that random scale effects are present,
and a specification for the distribution of 
 2

u
. Based on these

specifications, we explore the data using the random location
estimates �̂u to specify the distribution of �u.

From Equation 7,

�̂u = �u + 
u�u:

The distribution of 

2
u has been specified, and �u �

N(0; (X 0

u
Xu)

�1). We posit a distribution for �u, generate
the distribution of �u+
u�u, and compare this reference dis-
tribution with that of the empirical distribution of �̂u. Visual-
ization tools to carry out the comparison will depend on the
posited distribution and the structure of the random-effects
regression component. Thus, as in the specification for the


2
u

, we use a graphical deconvolution procedure.



To illustrate the considerations in carrying out the spec-
ification let us look at a simple special case. Suppose that
the random-effects regression component is a single location
parameter; that is, k� = 1, �u = �(1)u, and w(1)uj = 1.
Suppose nu = n is constant. The simple model then is

ruj = �u + 
u�uj (25)

for u = 1 to m and j = 1 to n. In this case

�u = n
�1

nX
j=1

�uj = ��u;

and �2(�) = n
�1
: Because �u is a scalar, we replace � by �2

in Equations 8 and 23. Equation 8 becomes

�
2
(�̂u) = �

2
(�) + n

�1
;

and Equation 23 becomes

�̂
2(�) = m

�1

 
mX
u=1

�̂
2
u
� n�1

!
:

In positing a distribution for �u we specify its variance to
be �̂2(�). The resulting �u + 
u�u are identically distributed
with a reference distribution whose quantiles we compute and
compare with the quantiles of �̂u by an i.d. quantile plot.
Note that if n is large enough that n�1 is small compared with
�̂
2(�), then the empirical distribution of �̂u provides a direct

look at the distribution of �u. It is tempting, of course, to
begin by positing normality for �u. If this fails and the quan-
tile plot suggests that the distribution is symmetric, but has
longer tails than the normal, then we can posit T (d; 0; �2), a
t-distribution with d degrees of freedom, location 0, and scale
�. The variance of this T is �2d=(d � 2), so if d is specified
we have

�
2 = �̂

2(�)
d � 2

d
:

We can try different values of d and make a quantile plot for
each.

4.7 Step 6: Checking the Dependence of 
u on
�u

One important assumption of the general model of Equation 1
is that 
u and �u are independent. There is always a dan-
ger that 
u depends on �u because variability frequently in-
creases with an increasing mean level. One way to check for
dependence is to plot fourth root s2u against �̂u.

4.8 Step 7: Checking for Remaining Correla-
tion

Let us return to the simple model of Equation 25. The correla-
tion between ruj and ruk is �2(�)=(�2(�) +�

2(�)). In other

words, the random location-effects induce within-unit corre-
lation. The correlation structure is, of course, complex for the
general model of Equation 1. We can study the standardized
residuals and the studentized residuals to search for higher
than expected correlation as a way of detecting poor spec-
ification of the random-effects regression component. The
details of how to search will depend on the structure of the
random-effects regression component and the nature of the
explanatory variables.
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