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Abstract ior of each customer in real-time from transaction data.
Building a summary of each customer’'s behavior from
In some business applications, the transaction behavior afansaction data and updating it with each new transaction
each customer is tracked separately witbugtomer signa- that the customer makes is not trivial, especially when there
ture. A customer’s signature for buying behavior, for exam-are millions of transactions per day, millions of customers
ple, may contain information on the likely place of purchasewho might make transactions, thousands of new customers
value of goods purchased, type of goods purchased, and tireach day, thousands of departing customers each day, many
ing of purchases. The signature may be updated whenever thariables to track per customer, and many if not most cus-
customer makes a transaction, and, because of storage limit@mers change their behavior over time. Probably the sim-
tions, the updating may be able to use only the new transagilest kind of summary is simply a rolling history of transac-
tion and the summarized information in the customer’s curtions for each customer. Rolling histories are easy to update,
rent signature. Standard sequential updating schemes, subbt they have several disadvantages. First, rolling histories
as exponentially weighted moving averaging, can be used tover a fixed length of time may hold too little data for in-
update a characteristic that is observed at random, but tinfrequent customers and too much data for active customers,
ing variables like day-of-week are not observed at randomwhile rolling histories over a fixed number of calls may cover
and standard sequential estimates of their distributions can lieo long a period for inactive customers and too short a period
badly biased. This paper derives a fast, space-efficient séer active customers. Second, rolling histories with variable
quential estimator for timing distributions that is based on anumbers of calls can be difficult to manage in large databases,
Poisson model that has periodic rates that may evolve ovefspecially with a changing set of customers. Third, retrieving
time. The sequential estimator is a variant of an exponena large number of calls at the time of a transaction may be too
tially weighted moving average. It approximates the posterioslow to affect the outcome of the transaction. Thus, there is
mean under a dynamic Poisson timing model and has good need for a short, fixed-length summary of a customer’s data
asymptotic properties. Simulations show that it also has goothat captures the important features of the customer’s behav-
finite sample properties. A telecommunications applicatiorior, can be initialized for new customers quickly and reliably,
to a random sample of 2,000 customers shows that the modehd can be updated sequentially with each transaction that
assumptions are adequate and that the sequential estimathe customer makes, without requiring access to the details of
can be useful in practice. previous transactions.
Relative frequency distributions or histograms are obvi-

ous candidates for summarizing customer behavior. They
1 Background are easily understood by the programmers who maintain

databases of customer summaries. They are fixed-length, so
Massive databases of customer transactions are commdalne database of summaries is easier to manage. They are non-
throughout business and industry.  Telecommunicationparametric so they are effective with a highly variable cus-
providers keep a detailed record of each call placed over thefomer base. Histograms are also appropriate for categorical
network. Credit card providers keep a detailed record of eachlata, discrete data, and discretized continuous data, so type
charge to a card. Companies record visits to their websiteof transaction, timing pattern, place of transaction, and size
Network managers track login commands on their networksof duration of the transaction can all be summarized by his-
Online catalogs and stock brokers keep information aboutograms.
each sale. In many contexts, the goal is to track the behav- Updating histograms sequentially is not difficult when ob-
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servations are randomly sampledlf is the vector of cur-
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wherew,+1 = 1/(n+ 1) and@, = 0. Updating thus re-
quires only the most recent transaction, the number of trans-
actions made so far and the current summary. We call this
an unweighted averagebecauser,, weights each observed

0.6
0.4 —
0.2 -

0.0

transactionX y, ... , X,, equally. T T T T T
, . . . 0 200 600 1000 1400
If the customer’s behavior changes over time, then a his-
togram of relative frequencies is inappropriate because recent Transaction number

transactions have no more influence on the histogram than old, ) - )
transactions do. Evolving behavior is tracked better bgan  Figureé 1. Sequential probability estimates for Monday dur-

ponentially weighted moving average (EWM#he updated ing a four week period, when transactions for each day of the
EWMA vectors,., 1 is given by equation (1) withy, 1 = w week follow a Poisson(50) distribution. The nominal proba-

for a fixed weightw, 0 < w < 1, that controls the extent to bility of each day, 1/7, is indicated by a dashed line. Shaded

which 7,41 is affected by a new transaction and the speedf’ars highlight transactit_)ns made on Mondays. The_Iower left
with which a previous transaction is “aged out” The initial Pan€l shows the unweighted average; the lower right panel

probability estimatet, must be specified, perhaps from his- Shows the EWMA withw = .02 and an initial probability

torical data on other customers. (See Abraham and Ledolt&f 1/7 for each weekday. Both the unweighted and EWMA
(1983) for more information about EWMA.) Under some estimated probability for Monday peaks at the end of Mon-

conditions, the EWMA approximates the posterior mean und2y then slowly falls during the rest of the week until the

der a Bayesian dynamic model (West and Harrison, 1989). first transaction made on the following Monday. The pattern

Unweighted averages and EWMA estimates are approp“qampens for unwe|ghte_d averaging over time pecause_even—
tually each observation is given only a small uniform weight.

ate when variables are randomly sampled. Timing variable]::Or comparison, the upper left panel shows the maximum

like day-_of-week are not ran.dor.nly sampled, however. If theIikelihood estimates for the simulated Poisson model. These
transaction rate on Monday is high and the most recent tran%stimates cannot be computed without a full week of data
action occurred early Monday morning, then the next trans- P .

SR ; and do not adapt as behavior evolves. The upper right panel
action is likely to occur on Monday and unlikely to occur on

Tuesday or any day of the week other than Monday. Becaussehows.the event—driver_1 (_a_stimates proposeq In this paper, us-
unweighted averaging and exponentially weighted moving"? weightw = .02 and initial rates\; o =40, j = 1,..., 7.
averaging increase the estimated probability for a histogram

cell every time that cell is observed, the estimated proban,,qel satisfies

bility for Monday first rises with every transaction made on

Monday and then falls with every transaction made before (1-— w)};})_l +wZjn,
the following Monday. The evolution of the unweighted and . | if transactiom falls in period;
EWMA sequential estimators when transactions are made actin = N L7
. . . . j,n— 1—w N3]
_cordlng to a P0|ss_on process with equ_al day-of—we_ek rates is if transaction: does not fall in period,
illustrated in the first two panels of Figure 1 for simulated )

data. The periodic behavior of these estimators is an artifact
that reflects only the orQer in Whlch tr_ansgctpns_are made. where Z; ,, is the time that has elapsed in a peripdince
Better sequential estimates of timing distributions that arehe previous transaction — 1. We call this thesvent-driven
nearly as simple to compute as exponentially weighted movestimatoror EDE because it is updated whenever there is a
ing averages are possible, however. The key idea is to estiransaction (event). Figure 1 shows the EDE for the prob-
mate thetransaction rate);,,, for period; at the time of call  ability of Monday on the simulated data used to illustrate
n and then estimate thperiod probabilityr; , for periodj by the performance of the unweighted average and the EWMA.
Ajn/ 2ok Mk This paper shows that the approximate pos-Clearly, the EDE avoids the extreme periodic bias of the un-
terior mean,\; ,,, for A;,, under a simple dynamic Poisson weighted average and EWMA. Moreover, the EDE is very



close to the exact maximum likelihood estimator (MLE) for Let S; = T; — (C; — 1)7 — A, 1 be the time spent in period
the simulated Poisson process. The MLE, however, is not apR; up to7;. We are interested in the probabilities of peri-
propriate for sequentially estimating timing distributions for ods1, ... , J during cyclek when the times of transactions in
a volatile database because it cannot be computed until a fullach period of each cycle follow a Poisson process.

week after the first transaction has passed and does not adapt| gt Ny.;(u) be the number of transactions up to tine
to evolving behavior, as Section 3 shows. within penod] of cycle k; i.e., the number of transactions

The EDE shares the good characteristics of the EWMApetween calendar timeé — 1)7 + A;_; and (k — 1)1 +

simplicity, ability to adapt to evolving parameters, and min- Aj_ 1 + u. Suppose thaf Ny ;(u)} is a truncated Poisson

imal storage requirements. Moreover, the EDE is appfox'process with rate\;, ;. Thatis, if the intervalu, u + v] falls
mately optimal under a dynamic Poisson timing model, inentirely in period; of cyclek, then

the sense that it approximates the posterior mean under a par-

ticular dynamic Poisson timing model. Computing the EDE

is similar to computing an EWMA, except that the rate for

each period, not just the rate for the observed period, is up-

dated whenever there is a transaction. The updated estimafeN;, ;(u) is independent oy (v) for k # k' or j # 7/,

for the observed period is a weighted average of the previthen the number of transactiong, ; = Ny ;(d;) during pe-

ous reciprocal rate and the time since the last transaction ifiod j of cycle k has aPoisson (A ;0;) distribution. Also,

period;j. The updated reciprocal rate estimate for any othethe number of transaction¥;, = Z Ny ; within cycle k

period increases by the amount of time that has been spent ks aPoisson (\;) distribution, where\, = Z 1 Ak

the period since the last transaction. The remprocal)@]}p We call this thePoisson timing modebecause the number

estimates the average time between transactions in pgriod of transactionsV, up to a calendar time that fall in pe-
This paper is organized as follows. Section 2 sets up aiod j; of cyclek; has aPoisson distribution with parameter

Poisson process with transaction rates that are constantwithyv, _, Ax + >2;_;, A0 + Ak, ;s wheres =t — (k; —

a period;j or evolve deterministically over time. Section 3 de- 1)7 — A;,_; is the time spent in periog. The conditional

rives maximum likelihood estimators (MLEs) under the Pois-distribution of N, ; given Ny, is Binomial (N, Ak, ;0 /i)

son model with constant periodic rates and gives their asymgecause, form =0, ... , M,

totic behavior. Section 4 extends the model to allow dynamic

transactlc_)n rates that evolve randomly, even within a perloq, Pr(Nyj = m|Ny = M)

and Section 5 shows that the EDE approximates the posterior

mean for this model. An application to sequentially tracking Pr(Nij=m, Ny = Npj = M —m)

Ni j(u+v) — Ny j(u) ~ Poisson (Mg ;v).

the day-of-week calling patterns of a random sample of about a Pr(Ny = M)
2,000 telecommunications customers over a three month pe- _ Pr(Nyj=m)Pr(Ny—Ny;=M-—m)
riod is presented in Section 6. The performance of the EDE N Pr (N, =M)
IS expl_ored th_rough simulations in Section 7. Conclusions are B M e\ 6 M-m
given in Section 8. =
m Ak Ak
2  The Poisson Timing Model ;I;J;perlod probabilitiesry, 1, . .. , 7, s for cyclek then sat-
Suppose that calendar time is broken into a sequence of cy-
cles, each of duration, and that each cycle is broken into Moy = Pr(Ny; = 1Ny =1) = )\kujfsj.
J periods with fixed, but possibly unequal, lengths. For ex- ’ Ak
ample, a cycle may last a week and have the= 3 peri-
ods{Monday,... , Friday}, {Saturday} and{Sunday}. The model described so far assumes that the transaction
Transactioni occurs at a calendar tim; during a period  rate in each period of each cycle is an arbitrary constant
R; € {1,...,J} of cycle C;. The time required to com- |tjs often more reasonable to assume that the transaction rates

plete perlodg is 5], and the time required to complete one gre constant across cycles, so that = A, forall k, m, or
cycle ist = .7_, §;. Thus, a transaction at tinE falls  to assume that the transaction rates evolve smoothly For ex-
in cycle C; = iT /TJ + 1, where [z] denotes the great- ample A\, ; = (1— )\ ; +aforasmallain (0,1). This

est integer inz. It falls in period R; = j if A;_1 <  kind of assumption justifies a sequential updating scheme in
T, — (C; — )7 < Aj, whereA; = Y7 _ 4, is the time  which transactions from previous cycles affect the estimates
from the start of the cycle to the end of peripdndA, = 0.  for the current cycle.



3 Maximum Likelihood Estimation across cycles, then the MLE of the period ratds
under the Poisson Timing Model

> k<o, Ni,j/ (Cndj), R,>j
Let n be the total number of observed transactions and let Aj = %M@N]:f kiz/v L(C;L (_Sl)) 6], R <j (4)
Ni,; be the number of transactions that fall in perjoaf cy- N (o puchu R, =j.

cle k. Under the Poisson timing model with arbitrary piece-

wise constant transaction rates, oml ; has information The MLEs of the period probabilites arér; =
about )y ;, and there is no information in the sample about);é;/ Z;Zl Am6m, Which cannot be calculated until either
A itk > C,orifk = C, andj > R,. When the last a transaction occurs in the last period of the first cycle or the
transaction in period of cycle k is known, so that’,, > k&  first cycle is completed. Thus, the MLEs are not appropriate
orC, = kandR, > j, the likelihood for) ; is propor-  for tracking timing behavior sequentially.

tional to the probability of the observed valuef ;. When Section 4 describes a more general model in which trans-
(Cn, R,) = (k,j), so there is at least one transaction in theaction rates evolve randomly.

period but the last transaction in the period may not have oc-

curred yet, the likelihood oA, ; is proportional to the prob- . . L.

ability of the observed value a¥, ;(S,), wheresS,, is again 4 A Dynamlc Poisson T|m|ng Model

the time spent ifC,,, R,,). Thus, the log-likelihood o, ;

given thatC,, > k or thatC,, = k andR,, > j is As in Section 2, letV}, ; be the number of transactions during
periodj of cyclek. We now assume that the transaction rate
Ny jlog (Ak,j) — Ak j0; + const, is dynamic, so a different rate applies to each transaction. Let
s | Ni ) = Cn >k, orC,, = kandR,, > j Tk ji» i=1,..., Ny, be the time of thé'" transaction that
Ny.,j(Sn)log (Ak,j) — Ak,jSn + const, falls in period; of cyclek. LetTy ;0 = (k— 1)1+ A;_; be
(Cny Ry) = (k, 7). the start of period in cyclek andT}, ; v, ,+1 = (k — 1)7 +

A; be the end of periogin cyclek. The structure of the data

is illustrated in Figure 2.
It follows that the MLE of),, ; for k < C), ork = C,, and

j <R, is Ti,1,0 Ti,1,4 =Thr2,d1,2,2 =T2,1,0 T2,1,3 =T2,2,02,2,3
Ne Ti1,1 T1,1,2T1,1¢ Ty,2,1 T21,1T21,2 \LTZ,Q,ITZ,Z,Z
~ 34, C, >k orC,=FkandR, > j l l l l l l l l
M = Ny (Sw) o | |
(3) Y111 Y1,1,2Y1,1,3Y1:\1,4

The invariance of maximum likelihood estimation implies é\’elr}édlzg é\;lr’izg L é‘;?r’i:JQ FIYeQr}Zdz: 2
that the MLE ofry,; is 7x; = Mj0j/ 01 Meymdm. Note —— b —— """
that the MLEs of the period probabilities, ; can only be 81 - 51 I
calculated after the first observation in the last period of a cy- Cycle Cycle, :
cle or after the cycle is completed, if no transactions occur in b : ot
the last period. A Bayesian formulation of the Poisson timing \T/\T/

model, with prior distributions on th&, ;, would allowy, ;

to be estimated any time, even before any transaction occurigure 2: The structure of the data for a Poisson timing pro-

Bayesian estimation under the Poisson timing model is nogess with two periods. Note thd ; , is either the start of

considered in this paper, however. a period, the time of a transaction, or the time from the last
It is possible to have a hierarchy of periodicities. Fortransaction in the period to the end of the period.

example, periods could be broken into phases (or days into

hours). Then the MLEs for phases would be based on counts

for phases rather than counts over periods, and MLEs for pe- The waiting timesYy ;; = Tk i — Tk ji-1,t =

riods and cycles would be obtained by summing up MLEs forl, ... , N} ;, between transactions in the same period of the

phases. same cycle are uncensored. At tiffig; v, .+1, the waiting
The MLE of A ; given by equation (3) makes no use of timeY, ; v, ,+1 from the last transaction in perigduntil the

the transactions outside perigdbf cycle k. This is ineffi-  end of periodj can be considered to be a censored waiting

cient when transaction rates do not vary across cycles or vatyme because the period could no longer be observed. Let

smoothly from one cycle to the next, especially when transZ;. ; n, .+1 be the uncensored waiting time for the end of pe-

action rates are low. If the rate for each period is constantiod j in cyclek, that is, the transaction time that would have



been observed if the period had continued to be observed. IR period; between the last transaction in peripdnd time
cludingYy ; v, ,+1 in the model allows the information that T} ;,;—1, SO
no transaction was seen in a period to be used to update the

rate for that period. S e YN+ Crja <k
isson timi , , Wi ji = =Cri. LN o
Under a Poisson timing modeYy, ;1,..., Y N, , are 2 0 Crjiy =k
independent exponential random variables Bpg v, ;11 is ’ 7 ’
a right-censored exponential. Under a dynamic Poisson timgith the convention thaty,;, = 0. Forl < i <

ing model, the mean of the exponential distribution evoIvestJ , the posterior distribution of,;; given the previous
randomly. Here we assume that the mean in effect at timggnsaction rate\; ; ;) and all the observed dafe), ;; =

Ty ;,: is arandom perturbation of the rate in effect at the time{y1 s+ Yi ) up to and including timdy ; ; is T'(a +
of the last transaction in periof prior to T}, ; ;. Thus, the 1704’/7)\1«3'(4) +’V’iji + Yi.)- Wheni = ng +1, the
transaction rate changes when and only when there is a trangme v, , "after the last transaction in a period until the
action. To be more precise, tdgnamic Poisson timingmodel end of the period is a censored exponential and the pos-
is defined as follows: terior distribution of \; ;; given . ; ;) and theY ;; is

Yy j.i ~ exponential(Ag ), i=1,..., Ny, [, o/ Ak ji(iy + Whji + Yi,j4)- Thus,
YijiNe g1 = min(Zyj Ny 1, (B = D7+ 85 = Trjng ),

. E (Ao | Mo (00, Vi) =
Zk,j,Nk,j+1 Nexponentla]()\k’j’de+1) ( k7]11| k,g,(3)> k,]:l)

—1

€k jiMke i1, 0 =2, .., Nigj+1, [(1 — WA () +w (Wi + Yk,j,i)} ;
)\k’,j,i: N}C’jZL ori=k=1 1§Z'§Nk,j
Ak,j,ifla 7= ]., k>1 -1

[/\*1. o+ T Wi + Ya, -,i)},
€rji~D(a,a), a>0, " g )z _ TN;w- N 1’] ’
whereX, ;o = A_1,n, 1 ,+1 andA; ;o is a known con- wherew = (a 4+ 1)~ _This post(_arior mean is not direc_tly
stant. Note that the transaction rate for a period stays coriSeful for our sequential estimation problem because it de-
stant until a transaction occurs in that period, and then th@ends on the unknown period raig ; ;) and all the past
rate for the next period (which controls the waiting time until ©PServations. It does, however, resemble the EDE given by
the next transaction) is generated. Thus, the transaction rafguation (2) of Section 1.
that applies to the first transaction in a perjoafter time0 is

enerated at tim@. Model (5) is an example of a Bayesian . .
gDynamic Model (see West(ar)1d Harrison (2989)). ’ 5 Derivation of the EDE

Because the mean ef ; ; is one and the variance I «, . . .

the transaction rate is more stable for largerThe current 0-1 An Approximation to the Posterior Mean
transaction rate is also more variable when the previous trans- of A Transaction Rate
action rate was high than when it was low. To see this, le
Cy.;,(i) denote the cycle of the last transaction in perjod
prior to timeT}, ; ;, that s,

tI'he posterior mean ok, ;; given the initial rate); o and
Y. ;,: can be written as

max {l < k: Ny; > 1}, E(Akji [ A0, Ykji)
Nij(Teji — Th,jo) <1 = E(E Neji | M) Ni0s Yisii) [ N0 Yiejii)

= E(E Mg | Meji(i), Yigii) |20 Vi)

—1
E ([(1 — WAy T W Wi + Yk,j,i)} 1Aj.0: Ylw‘,i) ;

Cri) =4 1,
Ni,j (T ji — Th,j0) > 2,

whereNy, ;(Tk ;. — Tk,;,0) represents the number of transac-

tions in period; of cyclek up to timeT}, ; ;. By convention, _ 1 <4< Ny
Cr,j,(i) = 0 if no transactions occurred in perigdprior to E [)Fl w }*1

A . . oA+ (Wi 4+ Y XNiowYriil,
Tkji- Let Xy ; ;) denote the rate in effect at the time of the kit 2w (Why ki) | X0 Yk
last transaction in periogl of cycle Cj, ; ;). It follows from i = Np,;+1,
model (5) that \r. ;. | Ak j,5)) ~ I'(a, /i j,5)), Which has
variance\} ; , /a. wherew = (1 +a) .

The posterior distribution of the current transaction rate A first-order Taylor expansion off (A\y; ) =
can be found as follows. LéV} ;; denote the time elapsed [(1 — w)A,;}’(i) + w(Wyj: + Yg,i)]~' around



E (Mej. )| M0, Yk,ji—1) Qives

E (M5 [ 2,00 Yk,50)

~1
1—w
= E ({ +w (Wi + Yk,j,i)} 1A5.0, Y’wﬂ)
1—-w

Akj(0)
E
E (At (i) |20, Yk jio1)
w (Wi + Yeq)] ' Ao, kav) +

E (f" (B Mk 12.0 Yigio1)) ety —
E (Mej(i) [0 Yigio1)] 1IN0, Yijii)

R

+

-1
1—w

E (AM,(??) |)‘j,0a ch,j,iq)

+w (Wh,j,i + Yi,j)

for1 < i < Nj ;, wheref’ denotes the first derivative ¢f
A similar Taylor expansion of (Ay. i)) = [A, ;) + w(1—
w)il(WkJ‘ﬂ; =+ Yk7j71;)]71 aroundE ()\k,j,(i)|)\j,07 Yk,j,q',—l)
gives

E (Meji | Aoy Ykji) =~

—1
—1 w
E (M) [ X0 Yigio1) — + T Whai + Yaji)

fori= Ny ; + 1.

The Taylor approximations suggest that the weighin
the iterative estimate should be proportional to the variance
of the multiplicative noise factor in the dynamic model (5):
w = a(a+1)"tvar (ex, ;). If var (ex, ;) is large, then\, ; ;
evolves quickly and more weight must be given to the current
observationy;, ; ;, which leads to a noisier sequence of esti-

mates{X,w-,i}. Conversely, ifvar (e ; ;) is small, them\ ; ;
evolves slowly and more weight should be given to previous
waiting times, giving more stabI%X,w»,i}. The simulations

in Section 7, however, suggest that largeron the order of
1/+/a, may be better.

The iterative estimate (6) is updated whenever there is a
transaction in periodg or a period; ends. We call thigull
iterative estimatiorbecause each transaction rate is updated
as soon as it changes or as soon as a period to which it ap-
plies ends. Thus, full iterative estimation requires updating
the signature for each customer at the end of every period.
Retrieving all signatures at the end of every period can be im-
practical, however. Section 5.2 shows that gdvent-driven
estimatorEDE, which is updated only when there is a trans-
action, is equivalent to the full iterative estimator (6) when-
ever there is a transaction. The EDE is out-of-date whenever
no transaction occurs in a period, but this limited staleness
has not been a concern in the applications that we have seen,
however.

Together, the Taylor approximations suggest an iterative

procedure for updating_ ; ;. Namely, take

(1= w)Ae) iy +w Wi + Vi),
51 E>1,1<i< Ny,
Mgty 2% Wi + Yijii)

k>1,i=Nyj+1,

where Ay ;1 = E (A alX0, Y1)
or ¢ >
E (Mk,jilAj0, Y&j:) . Because the transaction rates; ; are

For £ > 1

5.2 Updating at Transaction Times Only

Now suppose the transaction rates can be updated only at the
time of a transaction, and whenever there is a transaction the
estimated transaction rates for all periods since the last trans-

1, Xk_ji approximates the posterior mean action are updated. For example, suppose.fhat3 and the

current transaction falls in period 2 of cycle 10. If the pre-

updated at the end of each peripdr at each new transaction Vious transaction fell in period 2 of cycle 8, thég; ; and
in period, it is easy to verify that the last equations can be*10,1,1 @S Well askio2 1 would be updated at tim&;,3 1.

re-written as

(1- w)/\l;,;',i—l + WYk,
31 E>1,1<i< Ny

I-1 w

/\k,j,iq + thL%
E>1,i=Ng;+1,

(6)

which uses only the previous estimate and the current
The iterative es-

transaction to update the estimators.
timators for the period probabilities are themn.;; =

A.jids/ (Zix:l Xhmﬂﬁm) :

Note that missed periods are “found” only at the first transac-
tion time in a period. Because updating occurs only at trans-
action times, we now subscript by transaction number rather
than by cycle and period. The transaction times are denoted
by T, ... ,T,, their periods byRy, ... , R,, the time from

the start of period?,, to T;, is S,,, and the transaction rates in
effect at transaction areX; ,,,... , Ajn.

Let M;,, > 0 be the number of missed periods of type
] betweenT,,_; andT,, i.e.,, the number of cycles during
which the transaction rate for perigdvas not updated. In
the example abovells ,, = M, = 2 andM,, = 1. Let



Z;n be the waiting time for periogl at transactiom, so that ~ which is identical to the reciprocal of the EDE after transac-

T, — T, . Ry = Ry q = j tion n.
ooy andC. — ¢ ) The EDE (7) is computed from the current estimated rate
n — n— ~ . . . .

M; 6+ S+ 06; — Sn_1, Rn=Rp_1=j Ajn @nd the timel’,; of the last transaction. This is al-

7. — andC. > C most as memory-efficient as the EWMA estimate (1), which
j,n — n n—1 . . . ~

M; 65 + 65 — S, R._1=3j, R,#j requires storing only the first — 1 of the7;’s.

]V[j,n‘sj + Snv Ry 7£ Jy Bn =17

Mj,n6j7 Rn—l 7é j7 Rn 7é ]

6 An Application: Estimating Day-of-

Finally, define the updateslent-driven estimatar EDE for Week Calling Patterns

period; at transactiom by
Simply stated, fraud detection is the discrimination of legit-

~ ) : _
Nl — (Al —w)Aj 1 W, Ry =] (7) ~ imate transactions from fraudulent ones. Because customers
o A;}L_l + 15 Zjns R, #3j are extremely diverse, the discrimination must be tailored to
forj=1 J each customer separately. An important step in fraud detec-
=1,...,J.

With equation (7), all estimated transaction rates aréion, then, is tracking the legitimate behavior of each cus-
omer in real-time, so that there is an accurate basis of com-

brought up-to-date at each transaction time, but some estfo™ e ) .
mated rates may be out-of-date between transactions becauS& =" for discriminating fraud. (See Cahill, Lambert, Pin-
1eiro and Sun (2000) for an overview of one approach to real-

inactive periods have not yet been accounted for. The reci e fraud detect In thi i f tracking th
rocal of the updated rate for perigdis a weighted average C;Q;o;avl:l/eelf c?gll:(r:;.)pantterlﬁssigrlc;n;;ZoorrC]u;a?:plr:CofIg%ouet
of the previous estimated reciprocal rate for perjaghd the e

P P Pey 2,000 callers who made between 50 and 800 completed calls

time Z;,,, spentin periog since the last transaction when the during peak hours over a three month period. Peak hours are
current transaction falls in perigd If the current transaction - '
period here defined to be 9:00 a.m. to 11:00 a.m. and 1:00 p.m.

does not fall in period, then the updated reciprocal rate for i .
period; is not a weighted average. Instead, the previous estiY 4:00 P-m. Monday through Friday. Not all customers

mate is increased by a term that is proportional to the time iﬁnactie cal!s ;ortthederlmrte thlrlee mon:jh?; the F'T}f tbe;[\r:\((eten a
period; with no activity. customer’s first and last calls ranged from eight to thirteen

Because all transaction rates are brought up-to-date at ﬂy&eeks. ) ) .
time of a transaction, regardless of which period the transac- 1he dynamic Poisson model holds for a customer if

tion falls in, the EDE of the period probability for perigd e timesYj,;; between callsi and i — 1 during peak
; hours on day-of-weel in week & behave as independent

is
~ exponential(\x ; ;) random variables. (The day-of-week
P~ Ajind; calling patterns for non-peak calls may be different. To avoid
Tjn = =7 = < (8) g pattert P ay :
i Aini the complications of nesting hours-within-days, we ignore the

A case-by-case analysis shows that at tifpghe J event- non-peak calls here..) The calling rates; ; for the customer
driven estimators from equation (7) are identical toftieer- &€ unknown and might change throughout the three months,

ative estimates from equation (6). For example, suppose th&ut here we test the stronger model that the rates for each
R, = j, Ru_y =i # j andM,,, > 0. Then the transaction c_ustomerare approximately constant over the three month pe-
at imeT,, is the first in period of cycleC,,. With the full it-  110d. SOY% ;. ~ exponential(2;).

erative estimator, the estimated reciprocal transaction rate for A chi-squared goodness-of-fit test (Conover, 1980) for the
period;j would have been updated by a censored eXponemi@xponential distribution can be applied to the waiting times
of lengthd; at the end of each of the previons; ,, intervals for each day of week for each customer separately, giving
of type j. Therefore, just before tim&,, the full iterative @ total of 10,000p-values. (We used the S-PLUS func-

estimator would be the reciprocal of tion chisqg.gof with 6 equi-depth cells to compute egeh
~ w value (MathSoft, 1996).) Under the null hypothesis that the
Ajn—1t mMj,n%‘- Poisson timing model is adequate, thgsealues are uni-

formly distributed in the interval0, 1). Each of the five pan-
els in Figure 3 plots the 2,000 goodness-offitalues for one
~ w day of the week against tlé(0, 1) quantiles. If the Poisson
(1-w) (/\j,n1 + mMjm(Sj) +wSy timing model with constant transaction rates is adequate for
~ this set of customers, then the points in each plot should lie
= (L= w)Aj, 1 +wZjn, on a straight line.

At time T, this estimator would be updated to
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Figure 3: Quantile-quantile plots of the day-of-week —
goodness-of-fip-values for the Poisson timing model for a
random sample of 2,000 customers. Under the null assump-

tion, thep-values should lie on a straight line. Figure 4: Average absolute relative error curves for the EDE
and EWMA estimates of the day-of-week probabilities. The

The points in all panels of Figure 3 nearly lie on a straightthree curves for each type of estimate refer to the .25, .50, and

line, except near zero. This suggests that the Poisson timind ° Pointwise quantiles of the average absolute relative errors

model with constant peak calling rates for each day of week i§Cross customers. The left panel includes all customers in the

reasonable for most customers. The curvature near zero the®@mPple, while the right panel includes only those who fail the

is observed in all panels suggests that a small sphvafiues ~ 9oodness-of-fittest for the Poisson timing model.

are smaller than expected under the null hypothesis. For these

customers, either the Poisson distribution is wrong or the as-

sumption of constant peak calling rates for that day-of—weel?rlglnal sample. Considening the entire sample of customgrs
as a whole, the EDE clearly outperforms the EWMA esti-

is wrong. For example, vacations, important deadlines requil‘a te. After about 100 calls. th dian EDE b
ing many calls, or habits such as placing all calls at the staff'ate- er abou calls, the median average an-

or end of the business day violate the stationarity assumptior?‘.OIUte relative error is smaller_ than th? .25 quantile of the
(They could be accommodated under the more general dyE_WMA average absolute relative error; after 300 calls, the

namic Poisson timing model (5), however.) Taking the inter-;|_7h5 ED%_quantiIe I8 srgalltl'-zr tha'? t_he 25 EW'\m. quantile. d
cept from the regression of the theoreti€&l0, 1) quantiles e median average absolute relative error stabilizes aroun

.. . . . 0, 0,
on the empirical quantiles as an estimate of the fraction 0?/" for the EDE and a_round 15% for.the EWMA.
customers for whom the constant rate Poisson model is in- | D€ curvesin the right panel of Figure 4 are based on the

adequate shows that the simple model does not fit betwee_%"’ customers for which the simple Poisson timing model is

5.5% and 7.5% of customers across weekdays. We considéiadequate, in the sense that thevalues are in the bottom
this degree of lack-of-fit acceptable in our application. 5% of thep-values obtained on at least one day. This gives us

Even if the Poisson model with constant rates does not fit S€nse of the performance of the day-of-week probability es-
the EDE estimates of the day-of-week probabilities may stjjfimates when the constant rate Poisson model is inadequate.
be adequate. To check if that is the case here, we take the erhs expected, the average absolute relative errors for this sub-
pirical distributionsr of a customer's calls per weekday over S€t Of customers tend to be larger than those for all 2,000
the three month period as the underlying day-of-week disCustomers considered as one group (left panel), but the EDE

tribution for the customer and compute the average absolutellll clearly dominates the EWMA. The median average ab-
relative error of the EDE,, with respect tar as a function solute relative error curve oscillates around 8% for the EDE

of call number by taking and around 22% for the EWMA. In this application, then, the
EDE is relatively robust to departures from the Poisson tim-
5 = i del.
_ |75 — Tjn iNg Mo
€n = 100 Z PR
Jj=1

Call number

Percentiles of the average error at calbver all customers 7 Performance of the EDE

that make at least calls then describe the performance of

the EDE. The median, .25 quantile and .75 quantiles of th&Ve use simulation to compare the performance of the EDE
average absolute relative curves for the EDE and the EWMAwith updating weights ofv = .02,.05, and.1 with the per-

estimates withw = .02 and uniform initial probabilities formance of the MLE for the constant rate Poisson model of
(70 = .2, j = 1,...,5), are shown as a function of call Section 3. In each simulation, there dtecycles (or weeks)
number in Figure 4. of 7 periods (or days), and each period has the same trans-

The curves in the left panel of Figure 4 are based on thaction rate. Thus, the period probabilities are all 1/7. The



Poisson timing model with constant period rates is simulated e The smallest updating weight; = .02, gives the best

in Section 7.1, and a dynamic Poisson timing model is simu-
lated in Section 7.2. Finally, a Poisson timing model with a
deterministic shift in the period rates at the end of cycle 12 is
simulated in Section 7.3. At the end of cycle 12, one period

EDE under the constant rate model. During the fitst
cycles, the EDE withv = .02 is better than the MLE for
A = 1,5; better or equivalent to the MLE fox = 10;
and worse than the MLE fox = 20, after4 cycles.

rate is increased by 25%, another decreased by 25%, and the
rates for the other periods are unchanged. All period rates
then remain constant for another 12 cycles.

The performance of the estimators changes with time, as
more transactions are made and, under the dynamic model
or shift model, as the underlying transaction rates change. If
0(t) is a parameter of interest (a rate or a period probability)
at timet and 5(1&) its estimate, then we define tladsolute
relative errorat timet as

¢ [5@)} —100E (‘9\(75) - 9(1&)‘) 16(1).

Under each scenario 10,000 paths of the transaction pro-
cess were simulated under the different Poisson timing mod-
els, each path covering 12 cycles. For each simulated path,
period rates and probabilities were estimated at each transag- _|
tion and the corresponding absolute relative errors were evag
uated on a fixed, equally spaced grid of 100 time points, using?_ :
linear interpolation. This allows the absolute relative errors |
curves from different transaction paths to be combined. Thé
mean of the 10,000 absolute relative error curves are reported. °
The simulation standard deviations of the mean absolute rel-
ative error curves are also reported to give an assessment of
the precision in the simulation results. Figure 5: Absolute relative error curves for the first period
probability for the MLE and the EDE with weights =
.02,.05, and.1 over12 cycles of a Poisson timing model with
constant rates. Each panel corresponds to a different transac-
tion rate, which is held fixed for all periods.

The EDE with any of the three weights is better than
the MLE during the initial cycles, even though the ini-
tial value assigned ta is only correct on average. In
contrast, as mentioned in Section 3, the MLEs for the
period probabilities are undefined until the first transac-
tion in the last period of the first cycle is observed or the
first cycle ends.

e The absolute relative error rates for the EDE appear to
stabilize at a value that does not depend\on

w=0.05 w=01
2 4

T N D R S S S S PN
= o] =10 =20

7.1 Poisson Model with Constant Rates

Four scenarios, with identical transaction ratdixed at con-

stant values of, 5, 10, or 20 for each of seven periods, giving
period probabilities of 1/7 for each period, were simulated.
Estimated transaction rates for each period were initialized

for each of the seven periods independently by randomly se- EDE

lecting a value in the interval75), 1.25\] according to a uni- A MLE w = .02 w = .05 w=.1

form distribution. This initialization procedure implies that, 1 | .25(.16,.57) .04 (.01,.05) .07 (.03,.08) .11 (.06,.13)
on average, the transaction rates are initialized at the correct5 | .11(.07,.24) .05(.02,.06) .09 (.06,.1) .13(.08,.14)
value, but the initial rate for any period can be off by as much 10 | .08 (.05,.17) .05(.03,.06) .09(.08,1) .13(.09,.14)
as 25%. In practice, initial transaction rates are derived from 20 | -05(.04,.12) .05(03,.06) .09(.07,.09) .13(.11,14)

past customer data, so initial rates averaged over custome]t%ble 1: Simulation standard deviations for the MLE and the

[ . Theref he simul initializati . L .
tend to be _unb|a§eq erefore, the simulated initia IZatlonunderthe Poisson timing model with constant rates. Reported
procedure is realistic.

The absolute relative error curves for the MLE and thevalues are averaged over the time grid; the ranges of the sim-

EDE, which are shown in Figure 5, suggest the followinguzté%?hztsgsard deviations over the time grid are given in
conclusions. (Table 1 gives the sample standard deviation?2 '
of the 10,000 simulated absolute relative error curves for the

MLE and the EDE for the different transaction rates.) These conclusions remain valid when the transaction rates

e The simulated absolute relative error of the MLE for the for each period are constant across cycles, but are different
Poisson timing model decreases as the number of transimong periods. Figure 6 shows the simulated absolute rel-
actions increases. ative error curves for the estimated probability of period 1



under the same scenarios used to produce the results in Fig-

ure 5, but with the period transaction rates ... , \; set S R =98 R
toA\; = 8\, A2 = A, /\3 = 1.2\, Ay = .5, )\5 = 3, .

Xs = 2\, Ay = .5). As before, theébasetransaction rates P e e

are\ = 1,5,10, and20. The absolute relative error curves —

imate

shown in Figure 6 are nearly identical to those in Figure 582 IS o o= o=
and the simulation standard deviations are nearly identical tg
those in Table 1.

% Error in probal
T R

Cycle

% Error in probabilility estimate

| - | Figure 7: Absolute relative error curves for the first period
cr s e e T T T e e e e T probability for the MLE and the EDE with weights =
Cycle .02,.05, and.1 over12 cycles of a dynamic Poisson timing

. ) i . .model. Each panel corresponds to a different initial transac-
Figure 6: Absolute relative error curves for the first pe”Odtion rate),, which is the same for all periods, and a different
probability for the MLE and the EDE with weights = .o parameter.

.02, .05, and.1 over12 cycles of a Poisson timing model with
constant rates, which differ among periods. Each panel cor-
responds to a different base transaction rate.
e Whena = 1600 (moderate noise), the EDE with =
.02 and the EDE withw = .05 have similar absolute
relative error curves, but the other estimators have larger
absolute relative errors. The absolute relative error for

7.2 Dynamic Poisson Timing Model the MLE increases over time fog = 20.

Four scenarios with initial transaction rates)af= 1, 5, 10, e Whena = 4000 (low noise), the EDE withv = .02
and 20 transactions per period are considered. The EDE is  has the best absolute relative error curve. The MLE has
initialized as in Section 7.1. The multiplicative noise term a similar absolute relative error curve (flat around 10%)
responsible for the evolution of the transaction rates in the  for Ao = 10, 20.
dynamic Poisson model is simulated frorh' @, «) distribu- ) ] o
tion with largea (@ > 400), which means that the transaction _ The simulation standard d_ewatlons for the absolute rela-
rates evolve slowly. For large I'(a, o) ~ A'(1,1/a), so the tive error curves qorrespondmg to = 4OQ are presented
endpoints of a 99% prediction interval for the relative changd" Table 2. The simulation standard deviations for the ab-
are approximately-2.58/,/a. The endpoints of the approx- solute relative error curves correspondlng)&e: 1600 and
imate 99% prediction intervals for the values@fused in @ = 4000 fall between the values reported in Tables 1 and 2.
the simulation, corresponding to high (= 400), moderate
(o = 1600), and low x = 4000) noise levels are, respec- 7.3 Poisson Model with Deterministic Shifts in
tively, +.129, 4+.064, and+.041. Rates
Figure 7 presents the absolute relative error rate curves for
the MLE and the EDE foj = 1 for each combination of, Under this scenario, the period rates for the Poisson timing
anda. The main conclusions are as follows. model are identical and constant for the fit&tcycles. At
the end of thel2!" cycle, the first period rate is increased
e Whena = 400 (high noise), the EDE performs better by 25% and the rate for the fourth period is decreased by
than the MLE. The absolute relative errors for the EDE25%, so the cycle rate remains the same. The period rates
stabilize around 20%, independent)qf, but the abso- then stay constant for the nek? cycles. The rates used for
lute relative error for the MLE appears to increase withthe first12 cycles are\ = 1, 5,10, and20 transactions per
time. The EDE withw = .05 is best, but the other values period. Each EDE is initialized using the procedure described
of w are nearly as good. in Section 7.1.



EDE 8 Discussion

A MLE w = .02 w = .05 w=".1

1].27(20,58) .11(.04,15) .1(.03,.13) .13(05.16) Rag|time applications involving very large databases of

150 i Eig;g; ig E'gg'é% E E'gg"ig; '11% (('(ii’ '1188)) transactions may use customer signatures to track each in-
20 | 30(17.49) 20(11.21) .15(09.16) .16(13.18) dividual’'s behavior. These signatures use fixed, generally

small, storage space, so that they can be easily retrieved from

Table 2: Simulation standard deviations for the MLE and thethe database for analysis or updating. Timing variables, such
EDE under the dynamic Poisson timing model with= 400, @S day (_)f week and hour of day, are an important part of cus-
corresponding to the highest relative change in the transadOomer signatures.

tion rates. Reported values are averaged over the time grid. We describe a space-efficient, fast procedure for sequen-

The ranges of the simulation standard deviations over the timéally estimating timing distributions. Our procedure uses
grid are included in parenthesis. only the times of the current and the last transaction to update

the transaction rates and the period probabilities and, there-
fore, can be used witstreamtransaction data that are contin-
. . . . . uously collected over time. The proposed estimation method

Figure 8, wh|ch.d|splays the §|mulat¢d absolutef.relatwels competitive with maximum likelihood under a Poisson tim-
error curves for _est|mators of the first period probability, Sug'ing model with constant rates and considerably better than the
gests the following. maximum likelihood estimates for the constant rate Poisson
e The EDE is able to absorb the shift in the rate considermodel when transaction times follow a dynamic Poisson tim-

ably faster than the MLE. ing model. In the application to tracking the calling behavior

of 2,000 customers described in Section 6, the Poisson timing

e Estimators with largers adapt faster, but the absolute model was shown to be reasonable for most individuals. The

relative error rate stabilizes at a large value. event-driven estimate (EDE) of the period probabilities per-
formed well even for those customers for which the Poisson
timing model may not be adequate. We have used the EDE
to estimate literally millions of timing distributions in several
applications, and in each it has tracked the patterns of most
customers well.

Further research is needed on methods for finding opti-
mal updating weights for the EDE under a dynamic Poisson
model. The simulation study suggests that a weight of about
1/+/a is appropriate, but more work is needed to develop
N S| e | e i | methods that reliably produce the best updating weights.

o N B R e P B S A The EDE presented in this paper uses fixed updating
weights, but the methods we describe can be extended to in-
. corporate updating weights that change with time. For exam-
Cycle ple, if atransaction rate cannot be initialized reliably, then the
. . i . updating weight can be larger for the first several transactions
Figure 8: Absolute relative error curves for the first period, gjow the estimated rates and probabilities to move rapidly
probability for the MLE and the EDE with weight® = 5,4y from the initial value. Later, if the transaction rates are
.02,.05, and.1 over24 cycles of a Poisson timing model with 516, the weight can be decreased to reduce the variability in
deterministic shifts in the period rates at the end of cyele o EDE. Or we might let the updating weight depend on the
Each panel corresponds to a different transaction rate for thg, rant estimate of the transaction rate. Even without exten-
first 12 cycles, which is the same for all periods. sions such as adaptive weighting, however, the EDE studied

in this paper is attractive for estimating and forecasting timing

The simulation standard deviations for the absolute relativxg)atterns for many individuals in real time.
error curves are very similar to the ones reported in Table 1.
In summary, the MLE under the Poisson timing model
with constant rates is not appropriate under dynamic PoisReferences
son models with high or moderate levels of noise and under
Poisson models with shifts in the transaction rates. The EDRbraham, B. and Ledolter, J. (1983tatistical Methods for
with w = .02 performs well under a variety of scenarios. Forecasting John Wiley & Sons, New York, NY.

e The EDE withw = .02 offers the best trade-off between
ability to adapt to change quickly and low average abso
lute relative error over the period.

s MLE —  w=002 w=005 w=0.1
o s 1 15 2 o 5w

n L L L L 5 L L L L . L L L L . . L
— =5 —10 =20

% Error in probabilility estimate
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APPENDIX

Result 1 Given A;,, the waiting times W,y 1,4
1,..., N4, between transactions in perigtare indepen-
dent exponential (A; 1,) random variables under the dy-
namic Poisson timing model.

By definition, W, ;, = S5, .| Z; . and, from the as-

sumptions of the dynamic Poisson timing model and condi-

tional on\; ,,, the Z; ,,, corresponding to disjoint time inter-

The second event isno transactions in period j

p: successive intervals which has probability
exp(—A; r,ped;). Finally, if Ty, , is the time of the
last transaction in periog and no transactions occurred
in the nextp, periodsj, Sy, is the minimum of the time
elapsed in periog until the next transaction in that period
andJ;. Therefore, conditional on the first two events, the last
event has probabilitgxp[—\; 1, (t — (pr + 1)d; + Si,_,)]-
Combining these results gives, for 6; — Sz,_,

Pr (W+,L,, >t A n, SLi,—l)

exp {_)‘J}Lz‘ (5j - SLz'—l) - Aj;Lipt‘Sj
—NjL; [t—(pe+1)6; + S, ]}

exp (—Ajr,t) = Pr(Wip, >tlAn),

where the last equality follows from the fact that the con-
ditional probability does not depend oy, ,. Therefore,
PWy p, > t|Ajn) = exp(—Aj 1,t), forallt > 0, and the
result follows.

Result 2 If the transaction rate for periodj is constant
within a cycle, then, giver\;,, and N, ,, W, , is in-
dependent oV, 1., i = 1,...,Ny, and follows an
exponential(Aj Ly, .,) distribution whenk,, # j.

vals are independent. Because sums of disjoint independevithenRz,, £ 7,

variables remain independent, thé, ;, are independent.

The proof thatW,. 1, ~ exponential(); ,) consists of
showing that the corresponding survival funct®(V,. 1., >
t|A;,») coincides with that of aexponential(A; 1), that is,
exp(—A;,r,t). First conside0 <t < §; — Sz, ,. Inthis
case, becausg; , ,+: is distributed as the minimum be-
tween anexponential()\; ,) random variable and the time
leftin periodj, 6; — Sr,_,,

PT‘(WJ’»’Li > t|)\j;n) =P (Zj7L1.71+1 > t|)\j’n)
=exp (—Aj,L,t) -

Now consider the case¢ > §; — Sp,, and let
|(t = d; + Sr,_,)/d;] denote the number of in-
Then, the event

Dt
tervals of sized; in ¢t — §; + Sg,_,.

[W4 ., >t] is equivalent to the intersection of the events

I:Zj:Li—l“Fl = 5j - SLz'fl]' [Ef;;:L,;_l-&-l Mj,m = Pt|, and
[Sp, >t —(pt+1)8; + Sr,_,|. The first event is equiva-
lent tono transactions betweé€ri,, , and the end of period
j and, from the definition of; ., 41,

Pr (Zj7L7‘,—1+1 = 5j - SLi—l |SL7:—1)
= CXp [_)‘iji (61 - SLi—l)] .

Win=0;—Scw,  +6 >, Mjm (9

m:LN+ n+1

Independence froV, r,,, ¢ = 1,..., Ny , follows from

the assumptions of the dynamic Poisson timing model be-
causelV, , andW, ., are functions of number of transac-
tions in disjoint time intervals.

If the transaction rate for perigfddoes not change within
acycle,.X; =6; — SLNM is distributed as a truncated expo-
nential with parametex;, ., ., inthe interval0, §;]. That
is, its density function is

)\‘7,LN+’7L+1 exp(—)\J,LNﬁn_*_lt)

, 0<t<§;
fX1 (t) = 1—exp(—)\‘7,LN+,n+16J) !
0, otherwise
The summation on the right hand side of (9),
Xo = Z:;:LNMH M;,, follows a
geometric (1 —exp(=AjLy, n+15j) distribution  and

is independent ofX;. It is then easy to verify that, for



tel(k—1)0,,k6) k=1,2,...,

Pr (W+7n > f,|X1 = 1‘1)

. P’I“(X2>ki), (k—1)5j§t<(k—1)5j+l‘1
o PT(XQZk), (k—1)5j+l‘1§lf<(5j

exp [~(k = Djpn, 85|, (=185 St< (k= 1)d; +2)
exp (—kAMNMH(Sj) : (k—1)6; + 21 < t < §;.

It follows that, fort € [(k —1)d,,kd;) k=1,2,...,
Pr(Wi, > 1) =B (P (Wi, > t1X1))
exp <_k>‘j,LN+m+15j) t—(k—1)d;
= / exp <_>\j7LN+Yn+1x1) dri +
1 —exp <_>‘j7LN+,,,+15j) 0
exp {—(k - 1)/\ij1"+,”+154 /6,~
1-— exXp (_>‘]‘,LN+),,,+16J') t

= exp (_)‘j,LN+),,,+1t) .

exp (—)\]-7LJ\,+ n+1x1> dxy
—(k=1)3; ’

Thatis, W, ,, ~ exponential(Aj 1y, ..).



