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Abstract

We assume no knowledge of reproducing kernel Hilbert
spaces, but review some basic concepts, with a view
towards demonstrating how this setting allows the build-
ing of interesting statistical models that allow the si-
multaneous analysis of heterogeneous, scattered ob-
servations, and other information. The abstract ideas
will be illustrated with several specific data analyses,
including modeling risk factors for eye diseases.
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What you should get out of this shortcourse:

1. An understanding of what reproducing kernel Hilbert
spaces are and the advantages they provide in
multivariate function estimation and statistical model
building.

2. Ideas for using old models or developing new ones
for your particular application.

3. Where to go for software and further information.
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Why should we be interested in RKHS?

1. Provide a framework for flexible function estima-
tion and statistical model building with scattered,
noisy, direct and indirect data on very general do-
mains.

2. Models based on RKHS are the foundation for
penalized likelihood estimation and regularization
methods and can handle a wide variety of data
distributions and problems - Gaussian, general
exponential families, robust estimation, interval ob-
servations, ..

3. Constraints such as positivity, convexity, other lin-
ear inequality constraints can be incorporated in
the models.
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4. Can deal with noisy observations on derivatives,
integrals, and other bounded linear functionals,
provides a framework for merging different kinds
of information - e. g. observations averaged over
irregular and inconsistent areas or time intervals.

5. Can estimate model integrals and derivatives as
well as function values. Can estimate meaningful
projections or components of the model.

6. Methods for model tuning to optimize the bias-
variance tradeoff are readily available.

7. Have a dual interpretation as Bayes estimates,
prior to bias-variance or generalization-error tuning .



8. Bayesian ‘confidence intervals’ with frequentist prop-
erties are available.

9. Can incorporate dynamical systems equations and
other physical models into the empirical model.



Part I

1. Positive Definite Functions

2. Bayes Estimates and Variational Problems

3. Reproducing Kernel Hilbert Spaces

4. The Moore-Aronszajn Theorem and Inner Prod-
ucts in RKHS

5. Example: Periodic Splines

6. The Representer Theorem (simple case)

7. Sums and Products of Positive Definite Functions
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♣♣ What is a positive definite function?

This concept is key, so we begin by reviewing it.

• The N dimensional case:

Let T = 1,2, · · · , N . K(s, t), (s, t) ∈ T ⊗ T is
said to be a positive definite function on T ⊗ T
(which means it is actually an N × N

matrix) if, for every a = (a1, · · · , aN) we have
that

∑N
i,j=1 aiajK(i, j) ≥ 0.

• The general case:

Let T be a (possibly continuous) index set, for ex-
ample, the unit interval, the unit cube, the surface
of the unit sphere, the real line, the plane, Eu-
clidean D space, etc. K(s, t), (s, t) ∈ T ⊗ T is
said to be a positive definite function on T ⊗ T if,
for every n, and every t1, · · · , tn ∈ T , and every
a = (a1, · · · , an),

∑n
i,j=1 aiajK(ti, tj) ≥ 0.
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♣♣ Bayes Estimates and Variational Problems

(Certain) Bayes estimates are solutions to variational
problems, and vice versa.

• The N dimensional case: The Bayes estimate:

Let y, f, ε ∈ EN , with f ∼ N (0, bΣ), ε ∼ N (0, σ2I),
f, ε independent, and let

y = f + ε.

Here b is a fixed constant whose role will become ap-
parent shortly. Σ is a given (strictly) positive definite
matrix. We want to estimate f . Standard calculations
give

f̂ = E(f |y) = Σ(Σ + (σ2/b)I)−1y

= A(λ)y, say, with λ = (σ2/b).
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• The N dimensional case: The variational problem:

Consider the ridge regression estimate: Find f in EN

to minimize

‖y − f‖2 + λf ′Σ−1f.

The minimizer, fλ is easily seen to satisfy

(I + λΣ−1)f = y,

or,

fλ = Σ(Σ + λI)−1y

= A(λ)y

MORAL: Given the prior f ∼ N (0, bΣ) and ε ∼
N (0, σ2I), the posterior mean for f given y is the
ridge regression estimate for f with penalty f ′Σ−1f

and penalty parameter λ = σ2/b. A(λ) is known as
the influence matrix and will play an important role
later.
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• The general case: The Bayes estimate:

Let f(t), t ∈ T be a zero mean Gaussian stochastic
prosess with Ef(s)f(t) = bK(s, t), (s, t) ∈ T ⊗ T .
Let

yi = f(t(i)) + εi, i = 1, ..., n

with ε = (ε1, · · · εn)′ ∼ N (0, σ2I). Then

f̂(t) = Ef(t)|y
= (K(t, t(1)), · · · , K(t, t(n))(K + (σ2/b)I)−1y,

t ∈ T
where K is the n×n matrix with ij th entry K(t(i), t(j)).
Note that Ef(t)|y is defined for all t ∈ T . However,
evaluating f̂ at t(1), · · · , t(n) results in the familiar
looking formula:

E(











f(t(1))
f(t(2))

...
f(t(n))











|y) = K(K + (σ2/b)I)−1y

≡ A(λ)y, say, withλ = (σ2/b).
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• The general case. The variational problem:

What is the variational problem corresponding to
min ‖y − f‖2 + λf ′Σ−1f? Let HK be the RKHS
with reproducing kernel K(s, t). I AM NOT TELLING
YOU WHAT THAT OBJECT IS, YET, other than it is
a collection of functions defined on T . Let fλ in HK
minimize

n
∑

i=1

(yi − f(t(i)))2 + λ‖f‖2HK

where ‖f‖2 is the squared norm in HK . Then

f̂λ(t) = Ef(t)|y
= (K(t, t(1)), · · · , K(t, t(n))(K + λI)−1y,

t ∈ T .

MORAL: Given the prior f(t), t ∈ T a 0 mean Gaus-
sian stochastic process with ε ∼ N (0, σ2I), the pos-
terior mean for f |y is the solution to a variational prob-
lem in an RKHS. I STILL HAVENT TOLD YOU WHAT
AN RKHS is, but you should suspect that ‖f‖2HK

some-

how generalizes the square norm f ′Σ−1f on Ed.
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♣♣ Reproducing Kernel Hilbert Spaces

We describe N dimensional and infinite dimensional
RKHS and their inner products.

• The N dimensional case:

Let Σ be strictly positive definite. Then Σ defines a
perfectly good inner product on EN by

< f, g >= f ′Σ−1g.

Let (σ1, σ2, · · · , σN) be the columns of Σ. Then

< σi, σj >= σij ,

where σij is the ijth entry of Σ.
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• The N dimensional case continued:

Given the inner product

< f, g >= f ′Σ−1g,

letting (σ1, σ2, · · · , σN) be the columns of Σ. Why do
we have

< σi, σj >= σij ??

Because

< σi, σj > = σ′iΣ
−1σj

= σ′i

















0
...
1
...
0

















= σij

since Σ−1







| | · · · |
σ1 σ2 · · · σN
| | · · · |






= I. More gener-

ally, let f = f(t(1)), · · · , f(N))′, then < σi, f >= f(i).

Taking the inner product of f with the ith row of Σ

picks out the value of f at t(i).
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• The general case: Construction of an RKHS from a
positive definite function.

Recall that the columns σi, i = 1, · · ·N span EN .
We are now going to construct a general RKHS from
the ‘columns’ of an arbitrary positive definite function.
Let K(·, ·) be a positive definite function on T ⊗ T .
Define the tth ‘column’ of K as

Kt(·) = K(t, ·).
By this we mean that t is fixed and Kt is a function of
(·). Kt is a function on T . With K(·, ·) we can asso-
ciate a (unique!) collection of functions, to be called
HK , as follows:

Kt ∈ HK for each t ∈ T ,
L
∑

`=1

a`Kt` ∈ HK for any finite L and {a`}. (∗)

The inner product in HK is defined by

< Ks, Kt >= K(s, t)
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and extened by linearity to functions of the form (∗).
Note that for f ∈ HK,

< Kt, f >= f(t)

since
∑

` a`Kt`(t) ≡< Kt,
∑

` a`Kt` >=< Kt, f >

Let fn, fm ∈ HK . Then

|fn(t)− fm(t)| = | < Kt, fn − fm > |
≤ ‖Kt‖‖fn − fm‖

by the Cauchy-Schwartz Inequality ((u, v) ≤ ‖u‖‖v‖).
Therefore, if fn, fn+1 · · · is a Cauchy sequence (this
means ‖fn − fm‖ → 0 as n, m → ∞) then |fn(t) −
fm(t)| → 0. (In words, strong convergence implies
pointwise convergence here). We add the pointwise
limits of all these functions to HK and we have a
REPRODUCING KERNEL HILBERT SPACE . K is

called the reproducing kernel for HK .



♣♣ The Moore-Aronszajn Theorem: (Aronszajn 1950).

Let T be an index set. To every positive

definite function K on T ×T there cor-

responds a unique RKHS HK of real valued

functions on T and vice versa. Letting

< ·, · >HK
, we have for every f ∈ HK, and

every t ∈ T , < Kt, f >HK
= f(t), where Kt(·) =

K(t, ·).

Remark: The formal definition of an RKHS is: A
Hilbert space where all the evaluation functionals are
bounded. What this means is, that, if HK is a Hilbert
space, it is an RKHS if and only if, for f ∈ HK, and
each t ∈ T , there exists Mt, not depending on f such
that |f(t)| ≤ Mt‖f‖. As a consequence, by the Riesz
representation theorem there exists a representer, ξt,
with the property that < ξt, f >HK

= f(t). From the
above, ξt = Kt, furthermore, < Ks, Kt >= K(s, t),
which is the source of the name ‘Reproducing Ker-
nel’.
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♣♣ More on Inner Products in RKHS

We will describe the inner product in the N dimen-
sional case and see (one of the) generalizations to
infinite dimensional spaces.

• The N dimensional case:

Let Σ = ΓDΓ, where Γ = {Φν(i)} is orthogonal
and D is diagonal, with diagonal entries λν. Then we
can write the ijth entry of Σ as

σij =
N
∑

ν=1

λνΦν(i)Φν(j).

We have

< f, g >= f ′Σ−1g ≡
N
∑

ν=1

(f,Φν)(g,Φν)

λν

where (u, v) is the Euclidean inner product.
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• The (almost most) general case:

The Mercer-Hilbert-Schmidt Theorem: Let K(s, t) be
a positive definite function with

∫

T
∫

T K2(s, t)dsdt =

C ≤ ∞. Then ∃ an orthonormal set on T , {Φν}∞ν=1
∫

T

∫

T
Φµ(s)Φν(s)ds = 1, µ = ν;= 0 otherwise

and nonnegative eigenvalues λν with
∑∞

ν=1 λ2
ν = C

such that

K(s, t) =
∞
∑

ν=1

λνΦν(s)Φν(t). �

The inner product in HK will have a representation

< f, g >=
∞
∑

ν=1

(f,Φν)(g,Φν)

λν

where (u, v) =
∫

T u(s)v(s)ds. In practice we need
only to be given K(·, ·) but not {φν, λν} to solve prob-
lems in HK. However in the next slide we know the
eigenfunctions Φν and eigenvalues λν along with a
closed form expression for K(·, ·) in the case of peri-
odic polynomial splines.
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♣♣ Examples

• Periodic Splines

Let W o
m (per) be the collection of all functions on [0,1]

of the form

f(t) ∼
√

2
∞
∑

ν=1

aν cos 2πνt +
√

2
∞
∑

ν=1

bν sin 2πνt

with
∞
∑

ν=1

(a2
ν + b2ν)(2πν)2m < ∞.

Since

dm

dtm

{

cos 2πνt
sin 2πνt

}

= (2πν)m × ± sin 2πνt
± cos 2πνt,

then if (??) holds, we have

∞
∑

v=1

(a2
ν + b2ν)(2πν)2m =

∫ 1

0
(f(m)(u))2du.
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Elements in W o
m (per) satisfy the periodic boundary

conditions
∫ 1

0
f(u)du = 0

∫ 1

0
f(k)(u)du = f(k−1)(1)− f(k−1)(0) = 0,

k = 1, . . . , m.

It can be shown that that the RK for W o
m (per) is

K(s, t) =
∞
∑

ν=1

λνΦν(s)Φν(t)

=
∞
∑

ν=1

2

(2πν)2m
[cos 2πνs cos 2πνt

+sin 2πνs sin 2πνt]

=
∞
∑

ν=1

2

(2πν)2m
cos 2πν(s− t).

A closed form expression for K(s, t) using Bernoulli
polynomials is available:



The first few Bernoulli polynomials are:

B0(t) = 1

B1(t) = t− 1/2

B2(t) = t2 − t + 1/6

B3(t) = t3 − 3t2/2 + t/2

B4(t) + t4 − 2t3 + t2 − 1/30

Let km(t) = Bm(t)/m!. K(s, t) is given (Abromowitz
and Stegun, 1965) by

K(s, t) = (−1)m−1k2m([s− t])

where [s− t] is the fractional part of s− t. (For exam-
ple, [1.2] = .2.) The inner product in HK is

< f, g > =
∞
∑

ν=1

[aν(f)aν(g) + bν(f)bν(g)](2πν)2m

≡
∫ 1

0
f(m)(u)g(m)(u)du.

where aν(h), bν(h) are the Fourier cosine and sine
coefficients for h.



♣♣ The Representer Theorem (simple case)

Let gi(yi, τ) be convex in τ for each i, yi. Then Any

solution to the problem: find f ∈ HK to

minimize

1

n

n
∑

i=1

gi(yi, f(t(i))) + λ‖f‖2HK
(1)

has a representation of the form

f(·) =
n
∑

i=1

ciK(t(i), ·).

The proof goes back to Kimeldorf and Wahba(1971),
and we only sketch it here. If f ∈ HK, then we can
always write

f(·) =
n
∑

i=1

ciKt(i)(·) + ρ (2)

where ρ ⊥ Kt(i). (This means that < Kt(i), ρ >≡
ρ(t(i)) = 0!). Substituting (2) into (1) will show that
‖ρ‖2 = 0.
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♣♣ Sums and Products of Positive Definite
Functions

There are many ways to obtain positive definite func-
tions, for example K(s, t) =

∫

U G(s, u)G(t, u)du will
be positive definite for any G. Tensor sums and prod-
ucts of positive definite functions are positive definite
functions. For example let s = (s1, s2), t = (t1, t2)

in [0,1]2, the unit square. Let r1(s1, t1) and r2(s2, t2)

be positive definite functions on [0,1] ⊗ [0,1] Then,
for example K(s, t) = r1(s1, t1) + r2(s2, t2)

+ r1(s1, t1)r2(s2, t2) is a positive definite function
on [0,1]2 ⊗ [0,1]2. Furthermore, with some care r1
and r2 can be chosen so that HK is the direct sum
of three orthogonal subspaces corresponding to the
three positive definite functions in the sum. This al-
lows us to build up useful models with various combi-
nations of reproducing kernels as building blocks. We
will return to this later.
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Part II∗

1. The polynomial smoothing spline.

2. Leaving-out-one, GCV and other smoothing pa-
rameter estimates.

3. The thin plate smoothing spline.

4. Generalizations: Different kinds of observations:
Non-gaussian, indirect, constrained.

5. Examples: The histospline, convolution equations
with positivity constraints. GCV with inequality
constraints.

∗Part II of ‘An Introduction to Model Building With Reproducing Kernel Hilbert
Spaces’, by Grace Wahba, Univ. of Wisconsin Statistics Department TR
1020, Overheads for Interface 2000 Short Course. c© Grace Wahba, 2000
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♣♣ The Polynomial Smoothing Spline

• The polynomial smoothing spline is the forerunner
of much more general RKHS models.

Let Wm be the collection of functions on [0,1] with
∫ 1
0 (f(m)(u))2du ≤ ∞. The polynomial smoothing

spline is the solution to the problem: Find f ∈ Wm to
min

1

n

n
∑

i=1

(yi − f(t(i)))2 + λ
∫ 1

0
(f(m)(u))2du.

It can be shown that Wm = W0
m ⊕ πm, where πm is

the span of the polynomials of degree m or less. We
rearrange things so that

Wm = H0 ⊕H1

where H0 = πm−1, the polynomials of degree m−1

or less, on which there will be no penalty, and H1 =

W0
m ⊕ {km}. It can be shown that the RK for H1 with

square norm ‖f‖2 =
∫ 1
0 (f(m)(u))2du is

K(s, t) = km(s)km(t) + (−1)mk2m([s− t]).
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By an argument generalizing the representer theo-
rem, and upon observing that {kν}

m−1
ν=0 span H0, it

follows that the minimizer fλ has the form

fλ(t) =
m
∑

ν=1

dνkν−1(t) +
n
∑

i=1

ciK(t(i), t), (1)

and that
∫ 1

0
(f(m)(u))2du =

n
∑

i,j=1

cicjK(t(i), t(j)). (2)

Upon substituting (1) and (2) into the original varia-
tional problem, the solution is obtained by minimiz-
ing a quadratic form in d = (d1, · · · , dm)′ and c =

(c1, · · · , cn)′. (There are easier ways to get the poly-
nomial spline, but the present way of going about it is
the one which we see will generalize in many ways.)
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Figure 1: Dashed Lines are Smoothing Splines with λ

too small, λ too large, and λ estimated via GCV,
from the top. Solid line is ‘truth’.
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♣♣ Choosing λ.

• Leaving-out-one.

Let f
[k]
λ (·) be the minimizer of

1

n

n
∑

i=1
i 6=k

(yi − f(t(i)))2 + λ
∫ 1

0
(f(m)(u))2du.

The leaving-out-one estimate of λ is the minimizer of

V 0(λ) =
1

n

n
∑

k=1

(yk − f
[k]
λ (t(k)))2.

• GCV (Generalized Cross Validation).

The influence matrix A(λ) with kkth entry akk(λ) plays
an important role. The influence matrix relates the
data to the predicted data:











fλ(t(1))
fλ(t(2))

...
fλ(t(n))











≡ A(λ)y.
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• GCV (continued)

We have the Lemma:

V 0(λ) ≡
1

n

n
∑

k=1

 

(yk − fλ(t(k))

(1− akk(λ))

!2

The GCV estimate of λ:

min V (λ) =
1
n

∑n
k=1(yk − fλ(t(k)))

2

(1− 1
n

∑n
`=1 a``(λ))2

.

≡
‖(I − A(λ)y‖2

1
n(I − trA(λ)))2

• Unbiased Risk (if you know σ2).

min U (λ) = ‖(I −A(λ)y‖2 + 2σ2trA(λ)

• Generalized Max Likelihood (GML, aka REML).

min M(λ) =
y′(I −A(λ))y

[det +(I −A(λ))]1/(n−M)

det + = product of the n−M non-zero eigenvalues.
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• Cubic smoothing spline with GCV, SOFTWARE.

Codes for cubic (or higher order) smoothing splines
with GCV to choose the smoothing parameter. Ap-
proximately reverse chronological order.
...

Code- Author- Where Found (∗ = freeware)
—- —– —–
∗ pspline-Jim Ramsay-http:www.r-project.org

smooth.spline()-Trevor Hastie-Splus
∗ sbart-Finbarr O’Sullivan-http://www.netlib.org/gcv
∗ gcvspl-H. J. Woltring-http://www.netlib.org/gcv
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♣♣ The Thin Plate Spline

• The thin plate spline is one of the two-dimensional
generalizations of the univariate spline.

Letting t = (t1, t2), the penalty
∫

(f(2))2 is replaced
by

J (f) =

∫ ∞

−∞

∫ ∞

−∞
[f2

t1t1
+ 2f2

t1t2
+ f2

t2t2
]dt1dt2.
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Figure 2a: Thin plate spline demo. Top: True surface.
Bottom: The observations.

27



Figure 2b. Top: fλ with λ too large. Bottom: fλ with λ

too small.
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Figure 2c. fλ̂ with λ estimated by GCV.
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• Thin plate spline with GCV, SOFTWARE.

Codes for thin plate smoothing splines with GCV to
choose the smoothing parameter. Approximately re-
verse chronological order.
...

Code- Author- Where Found (∗ = freeware)
—- —– —–

tpspline-Dong Xiang-SAS
∗ funfits-Doug Nychka-http://www.cdg.ucar.edu/

/stats/software.shtml
ANUSPLIN-M. Hutchinson-http://cres20.anu.edu/

/au/software/anusplin.html
∗GCVPACK-Bates et al-http://www.netlib.org/gcv
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♣♣ The Representer Theorem (more general case)

Let H = H0 ⊕H1, where H0 is a finite dimensional
space spanned by φν, ν = 1, · · ·M , and H1 is an
RKHS with square norm ‖f‖2HK

. Find f = f0 + f1
with f0 ∈ H0 and f1 ∈ H1 to min

Iλ(y, f) =
1

n

n
∑

i=1

gi(yi, f(t(i))) + λ‖f1‖
2
HK

.

Suppose g is convex in f and the minimizer of
∑n

i=1 gi(yi, f(t(i))) in H0 is unique. Then the mini-
mizer fλ of Iλ is unique and has a representation

f(·) =
M
∑

ν=1

dνφν(·) +
n
∑

i=1

ciKt(i)(·).

where (d, c) minimize

n
∑

i=1

gi(yi, (T d + Kc)i) + λc′Kc.

Here, T n×M = {φν(t(i))}, Kn×n = {K(t(i), t(j))}

and (x )i means the ith component of x .
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♣♣ Quick List of Generalizations

• In the ‘distance’ of f from observations.

1. g(y, f) = log likelihood

2. g(y, f) = robust functional

3. g(y, f) = support vector machine (SVM) functional

4. g(y, f) = indicator functionals, e. g. g(y, f) = 0

or ∞ according as f ∈ [y + u, y − l]

• In the kinds of observations.
• In the imposition of constraints.
• In the domain of the model, T → T (1) ⊗ · · · ⊗ T (d)
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• In the kinds of observations: Integrals:

Replace f(t) by Ltf where the Ltf are bounded lin-
ear fuctionals in H: Example: Tomography.

Ltf =
∫

T
H(t, u)f(u)du.

Then Kt is replaced by

ξt(·) =
∫

U
H(t, u)K(u, ·)du

and < Ks, Kt > is replaced by

< ξs, ξt >=
∫

U

∫

U
H(s, u)K(u, v)H(t, u)dudu.

ξt is called the representer of Lt in H,

Ltf ≡< ξt, f >=

∫

T
H(t, u)f(u)du.

Where does this come from?



• In the kinds of observations: The Eta Theorem:

Theorem: Let L be a bounded linear functional in an
RKHS HK with RK K. By the Riesz representation
theorem there exists an � in HK such that

Lf =< � , f >, all f ∈ HK.

We may find � by observing that

� (s) =< Ks, � > .

Since

< Ks, � >≡ LKs,

the representer of any bounded linear functional in
HK may be found by applying the bounded linear
functional to Ks, and then looking at the result as a
function of s.

This allows us to estimate f based on observations
on integrals and even derivatives if HK is chosen so
that these are bounded linear functionals. Derivatives
up to the m − 1st are bounded linear functionals in
Wm.
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• In the kinds of observations:The Representer
Theorem (even more general case)

Let H = H0 ⊕H1, where H0 is a finite dimensional
space spanned by φν, ν = 1, · · ·M , and H1 is an
RKHS with square norm ‖f‖2HK

. Find f = f0 + f1
with f0 ∈ H0 and f1 ∈ H1 to min

Iλ(y, f) =
1

n

n
∑

i=1

gi(yi, Lif) + λ‖f1‖
2
HK

,

where the {Li} are bounded linear functionals on H.
Suppose g is convex in f and the minimizer of
∑n

i=1 gi(yi, Lif) over f in H0 is unique. Then the
minimizer fλ of Iλ is unique and has a representation

f(·) =
M
∑

ν=1

dνφν(·) +
n
∑

i=1

ciξi(·). (3)

where ξi is the representer for Li inH1, Lif ≡< ξi, f >

and (d, c) minimize

1

n

n
∑

i=1

gi(yi, (T d + Kc)i) + λc′Kc.

Here, T n×M = {Liφν}, Kn×n = {< ξi, ξj >}.
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•. The histospline. Given area integrals.

Female lung cancer rates in Wisconsin, by county.

yi =
1

|
 i|

∫

Ωi

f(A)dA + εi.

The thin plate penalty is used for the histospline.
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Figure 3a. Female lung cancer rates, by county.
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Figure 3b. Volume matching. Min J (f) subject to
1
|Ωi|

∫

Ωi
f̂(A)dA = yi
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Figure 3c. Volume smoothing. Find fλ ∈ H to min
∑

i(yi −
1
|Ωi|

∫

Ωi
f(A)dA)2 + λJ (f)
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• In the kinds of observations: Constraints

Let H as before. Find f = f0 + f1 with f0 ∈ H0 and
f1 ∈ H1 to min

Iλ(y, f) =
1

n

n
∑

i=1

gi(yi, Lif) + λ‖f1‖
2
HK

subject to

1. Positivity: f(t) ≥ 0
2. Linear inequality constraints: Ntf ≥ at
3. Constraints via solutions to PDE’s:

t = (time, space ), H(Lf) ≤ C

To compute, the constraints are discretized. The rep-
resenters of the constraints are incorporated in the
representation of the solution. For inequality constraints,
the coefficients are obtained by solving a mathemat-
ical programming problem. (MINOS) In typical cases
where the family of constraints is ‘smooth’ the addition
of a few constraints will lead to the constraints actually
being satisfied everywhere.
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Let {Nj} be a finite set of discretized constraints, and
let {� j} be their representers, < � j, f >= Njf . The
problem then becomes Find f = f0 + f1 to min

Iλ(y, f) =
1

n

n
∑

i=1

gi(yi, Lif) + λ‖f1‖
2
HK

subject to

< � j, f >≥ aj, j = 1, · · · J ,

and the solution has a representation

f(·) =
M
∑

ν=1

dνφν(·) +
n
∑

i=1

ciξi(·) +
∑

j

~cj� j(·).
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Figure 4a. The convolution kernel

• Positivity constraints in a convolution equation.

yi =
∫

k(vi, u)f(u)du + εi.

Find fλ to min

1

n

∑

i

(yi −
∫

k(vi, u)f(u)du)2 +

∫

(f(2))2,

subject to fλ(uj) ≥ 0. The GCV for constrained prob-
lems: For fixed λ, solve the quadratic programming
problem, and find the active constraints. At the so-
lution, the same answer will be obtained by throwing
away the inactive constraints and putting in the ac-
tive inequality constraints as equality constraints. This
problem is linear - compute the GCV for it.
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Figure 4b. Two examples: Left panels-true f and ob-
servations yi. Right panels-true f , unconstrained so-
lution (wiggly) and constrained solution fλ̂.
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Part III∗

1. SS-ANOVA Spaces on General Domains

2. Averaging Operators and ANOVA Decompositions

3. Reproducing Kernel Spaces for ANOVA Decom-
positions

4. Building Blocks for SS-ANOVA Spaces, General
and Particular

5. Representation of SS-ANOVA Fits

6. Example: Risk of Progression of Diabetic Retinopa-
thy in the WESDR Study. Bernoulli data.

∗Part III of ‘An Introduction to Model Building With Reproducing Kernel Hilbert
Spaces’, by Grace Wahba, Univ. of Wisconsin Statistics Department TR
1020, Overheads for Interface 2000 Short Course. c© Grace Wahba, 2000
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7. GACV for smoothing parameters in the Bernoulli
case.



• General Model Domains: T = T (1) ⊗ · · · ⊗ T (d).
SS-ANOVA spaces.

Let t = (t1, · · · , td), t� ∈ T (�), α = 1, · · · d. Some
examples are:

T (�) = [0,1] unit interval

T (�) = Er Euclidean r − space

T (�) = S the sphere

T (�) = {1, · · · , N} ordered categorical

T (�) = {♦,4,♥} unordered categorical

· · · · · ·

We let t ∈ T ≡ T (1) ⊗ · · · ⊗ T (d). Let E be an
averaging operator on T (�), defined by

E�f� =
∫

T (α)
f�dµ�

where dµ� is some given probability distribution on
T (�), for example if T (�) = [0,1] the uniform dis-
tribution is convenient. Given the E�, any real valued
function f(t) = f(t1, · · · , td) on T has an ANOVA
decomposition as follows:
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Here’s the ANOVA decomposition:

f(t) = µ +
∑

�
f�(t�)

+
∑

�≤�

f��(t�, t�)

+ · · ·+ f1,···,d(t1, · · · , td)

where the components are generated by the decom-
position of the identity:

f =
Y

�
[E� + (I − E�)]f

f =
Y

�
E�f +

∑

�
(I − E�)

Y

� 6=�

E�f

+
∑

�<�

(I − E�)(I − E�)
Y


 6=�,�

E
f

+ · · ·+
d
Y

�=1

(I − E�)f.



(from the previous slide)

f =
Y

�
E�f +

∑

�
(I − E�)

Y

� 6=�

E�f

+
∑

�<�

(I − E�)(I − E�)
Y


 6=�,�

E
f

+ · · ·+
d
Y

�=1

(I − E�)f.

Therefore:

µ =
Y

�
E�f, f� = (I − E�)

Y

� 6=�

E�f

f�,� = (I − E�)(I − E�)
Y


 6=�,�

E
f

· · · · · ·

f1,2,···,d =
d
Y

�=1

(I − E�)f,

and satisfy the ANOVA SIDE CONDITIONS

E�f� = 0

E�f�� = E�f�� = 0

E�f��
 = E�f��
 = E
f��
 = 0
...
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Now, let H(�) be an RKHS of functions on T (�)

with
∫

T (α) f�(t�)dµ� = 0 for all f�(t�) ∈ H(�), and

let [1(�)] be the one dimensional space of constant
functions on T (�). We can construct an RKHS H as
the direct sum of subspaces which correspond to this
decomposition:

H =
d
Y

�=1

[{[1(�)]} ⊕ {H(�)}]

H = [1]⊕
∑

�
H(�)

⊕
∑

�<�

[H(�) ⊗H(�)]

⊕ · · · ⊕
d
Y

�=1

⊗H(�).

([1](
) are omitted wherever they occur).
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Let R�(s�, t�) be the RK for H(�). A (Smoothing
Spline) ANOVA spaceHK of functions on T = T (1)⊗

· · · ⊗ T (d) is given by:

HK =
d
Y

�=1

[[1(�)]⊕H(�)]

which then has the RK

K(s, t) =
d
Y

�=1

[1 + R�(s�, t�)]

= 1 +
d
∑

�=1

R�(s�, t�)

+
∑

�<�

R�(s�, t�)R�(s�, t�)

+ · · ·+
d
Y

�=1

⊗R�(s�, t�).
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• SS-ANOVA spaces, continued.

H(�) may be further decomposed into a low dimen-
sional parametric partH(�)

π , and a ‘smooth’ partH(�)
s ,

H(�) = H
(�)
π ⊕ H

(�)
s . This can be done in many

ways, depending on the T (�) and what part of the
model it is desired not to penalize. A useful example
when T (�) = [0,1], which will be employed later is:

H(�) = {k1} ⊕ [{k2} ⊕W0
2 ]

R�(s�, t�) = rπ(s�, t�) + rs(s�, t�) say

where

rπ(s�, t�) = k1(s�)k1(t�),

rs(s�, t�) = k2(s�)(k2(t�))− k4([s� − t�])

We have encountered rs before, the square norm in
its associated RKHS is

∫ 1
0 (f”)2. In this example the

T (�) and rπ and rs will be the same for each compo-
nent of t, but this not necessary.
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• SS-ANOVA spaces, continued.

Now K(s, t) can be seen to be expandable in the ten-
sor sums and products of rπ(s�, t�) and rs(s�, t�),
α = 1, · · · , d. The expansion is carried out and trun-
cated (Model selection!), in our experience, interac-
tions higher than two-factor can generally be deleted,
and frequently only a few two factor interactions are
important. Finally, terms containing only rπ’s will not
be penalized, and are collected intoH0, and the span-
ning set for H0 will be relabeled as {φ1, · · · , φM},
The terms with one or more rs are collected into H1,
and relabeled as H1 =

∑

� H
�, with the RK’s Q� for

the H� weighted and relabeled as

Q� (s, t) =
∑

�

θ�Q�(s, t).

Note that the Q� generally depend only on a subset
of the components of (s, t). The θ� allow for different
smoothing parameters for the different components.
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• SS-ANOVA spaces, continued.

We have, finally, reduced an arbitrary ANOVA model
to the case established via the representer theorem:
Find f = f0 + f1 with f0 ∈ H0 and f1 ∈ H1 to min

Iλ(y, f) =
1

n

n
∑

i=1

gi(yi, f(t(i)))+λ
∑

�

θ−1
� ‖P �f‖2HQβ

.

where P �f is the component of f in HQ β
. Then the

minimizer fλ of Iλ is unique and has, by the represen-
ter theorem, the representation

f(·) =
M
∑

ν=1

dνφν(·) +
n
∑

i=1

ciQ� (t(i), ·).
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• SS-ANOVA Example: Risk of Progression of
Diabetic Retinopathy in the Younger Onset

Population in the Wisconsin Epidemiolocig Study of
Diabetic Retinopathy.

Data:

{yi, t(i)}, t = (dur, gly, bmi), i = 1, · · · , n = 669 .

where

yi = 1, progression yes

= 0, progression no

dur = duration of diabetes at baseline

gly = glycosylated hemoglobin

bmi = body mass index

Goal: Estimate p(t), the probability of progression
given t. Let f(t) = log[p(t)/(1−p(t))]. The−loglik(y, f)

is

−log[py(1− p)1−y] ≡ −yf + log(1+ ef) ≡ g(y, f)
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• SS-ANOVA Example: Diabetic Retinopathy (con’t).

We selected the model

f(dur, gly, bmi) = µ + f1(dur) + a2 · gly

+ f3(bmi) + f13(dur, bmi)

H0 :

{φν(dur, gly, bmi)} = {1, k1(dur), k1(gly), k1(bmi)}

H1 :

β Q�(dur, bmi; dur′, bmi′)

1 rs(dur, dur
′)

2 rs(bmi, bmi
′)

3 rπ(dur, dur
′)rs(bmi, bmi

′)

4 rs(dur, dur
′)rπ(bmi, bmi

′)

5 rs(dur, dur
′)rs(bmi, bmi

′)

Q� (dur, bmi; ·)) =
5
∑

�=1

θ�Q�(dur, bmi; ·).
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•SS-ANOVA EXAMPLE: Diabetic Retinopathy
(con’t).

We will minimize

Iλ(y, f) =
1

n

n
∑

i=1

[−loglik(yi, fi)+λ
∑

�

θ−1
� ‖P �f‖2HQβ

.

where fi = f(t(i)), P �f is the component of f in
HQ β

. The minimizer fλ of Iλ has the representation

f(·) =
M
∑

ν=1

dνφν(·) +
n
∑

i=1

ciQ� (t(i), ·),

and we need to compute (d, c) to min

1

n

n
∑

i=1

(−yifi + log(1 + efi)) + λc′Kc

where fi = (Td+Kc)i, Tn×4 = {φν(t(i))}, Kn×n =

Q� (t(i), t(j)); and we need to estimate λ� = λθ�, β =

1, · · · , 5 .
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♣♣ Choosing λ = (λ1, · · · , λq ), Bernoulli data.

Notation: Let f
[k]
λ (·) be the minimizer of Iλ(y, f) with

the kth data point omitted. Let f
[k]
λk = f

[k]
λ (t(k)),

fλk = fλ(t(k)). Let b(f) = log(1 + ef), thus
g(y, f) = −yf + b(f).

• Leaving-out-one.

Choose λ to min

V0(λ) =
1

n

n
∑

k=1

[−ykf
[k]
λk + b(fλk)].

Generally not practical.
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• GACV (Generalized Approximate Cross Validation).

The inverse Hessian H(λ) of Iλ with respect to
(fλ1, · · · , fλn) at the minimizer plays an important role.
It is an interesting fact that the influence matrix A(λ)

in the Gaussian case is also the inverse Hessian of
Iλ in the Gaussian case, and this is true to first order
in the general exponential family case, and in some
other situations. H can be thought of as the (local)
influence matrix, since in the nonquadratic case it de-
pends on fλ. It can be shown that

V0(λ) ≈ ACV (λ) =
1

n

n
∑

k=1

[−ykfλk+b(fλk)]+D0(λ).

where

D0 =
1

n

n
∑

i=1

hiiyi(yi − pλi)

[1− hiiσii]
,

hii is the iith entry of H(λ), pλi = efλi/(1 + efλi),
σii = pλi(1 − pλi). The GACV is obtained from the
ACV by replacing hii and hiiσii by their averages, as
follows:
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In the expression for D0 hii is replaced by 1
n

∑n
i=1 hii ≡

1
ntr(H) and 1−hiiσii is replaced by 1

ntr[I−(W1/2HW1/2)],
where W = diag{σii}, giving

GACV (λ) =
1

n

n
∑

i=1

[−yifλi + b(fλi)]

+
tr(H)

n

∑n
i=1 yi(yi − pλi)

tr[I − (W1/2HW1/2)]
.

The randomized trace technique may be used to eval-
uate GACV :

ranGACV (λ) =
1

n

n
∑

i=1

[−yifλi + b(fλi)]

+
δ
′
(f

y+�
λ − f

y
λ)

n

∑n
i=1 yi(yi − pλi)

[δ′δ − δ′W (f
y+�
λ − f

y
λ)]

.

δ is a random white noise perturbation n-vector and
f

y+�
λ is the n- vector of values of the fit at the obser-

vation points based on estimating f with perturbed
data y + δ. We show next that

δ
′
(f

y+�
λ − f

y
λ)

provides a randomized estimate of traceH(λ).
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• Randomized Trace Estimates.

δ is a (small) random perturbation with Eδ = 0 and
covδ = σ�I. For any matrix H, Eδ′Hδ = σ�traceH.
Now, let H[·] be the operator which maps a data vec-
tor z into the vector of values of fλ at the observation
points, that is, H[z] = fz

λ. In the Gaussian case H is
linear and we just have H[z] = Hz. We have, to first
order

f
y+�
λ − f

y
λ ≈ H[y + δ]−H[y] ≈ H[y∗]δ

where y∗ is some intermediate value between y + δ

and y. Thus, we have the approximation

Eδ
′
(f

y+�
λ − f

y
λ) ∼ δ′H[y∗]δ ≈ σ�trH[y)]
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Figure 5a. 10 replicates of ranGACV (λ), compared
to CKL(λ), where the Comparative Kullback-Liebler
distance (CKL) is given by CKL(λ)[pλ, pT RU E] =
1
n

∑n
i=1[−pT RU Eifλi + b(fλi)]
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Figure 5b. ranGACV , compared to the true CKL,
λ = (λ1, λ2). Left: CKL. Right: ranGACV .
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Figure 6a. Left: Data and contours of constant poste-
rior standard deviation. Right: Estimated probability of
progression as a function of duration and body mass
index for glycosylated hemoglobin fixed at its median.
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Figure 6b. Estimated probability of progression as a
function of dur for four levels of bmi by four levels of
gly.
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Figure 6c. Bayesian ‘Confidence Intervals’
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• SS-ANOVA spaces, SOFTWARE.

Codes for SS-ANOVA models, reverse chronological
order: Use a Newton-Raphson algorithm for (d, c)

given λ. Use an iterative unbiased risk estimate for
λ in the Bernoulli case.
...

Code- Author- Where Found (∗ = freeware)
—- —– —–
∗ gss- Chong Gu- http:www.r-project.org
∗GRKPACK-Yuedong Wang-http:www.netlib.org/gcv
∗RKPACK- Chong Gu-http:www.netlib.org/gcv
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recap Part I

1. Positive Definite Functions

2. Bayes Estimates and Variational Problems

3. Reproducing Kernel Hilbert Spaces

4. The Moore-Aronszajn Theorem and Inner Prod-
ucts in RKHS

5. Example: Periodic Splines

6. The Representer Theorem (simple case)

7. Sums and Products of Positive Definite Functions
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Part II

1. The polynomial smoothing spline.

2. Leaving-out-one, GCV and other smoothing pa-
rameter estimates.

3. The thin plate smoothing spline.

4. Generalizations: Different kinds of observations:
Non-gaussian, indirect, constrained.

5. Examples: The histospline, convolution equations
with positivity constraints. GCV with inequality
constraints.
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Part III

1. SS-ANOVA Spaces on General Domains

2. Averaging Operators and ANOVA Decompositions

3. Reproducing Kernel Spaces for ANOVA Decom-
positions

4. Building Blocks for SS-ANOVA Spaces, General
and Particular

5. Representation of SS-ANOVA Fits

6. Example: Risk of Progression of Diabetic Retinopa-
thy in the WESDR Study. Bernoulli data.

7. GACV for smoothing parameters in the Bernoulli
case.
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♣♣ Ending Comments

Reproducing Kernel Hilbert Spaces apparently first ap-
peared in the Statistics Literature in the work of Parzen
in the late 60’s, and although there was theoretical
work in the early 70’s there were several things that
were necessary to make models based on them use-
ful to the data analyst: (i) high speed computers that
could handle the solution of large linear systems, (ii)
method(s) for choosing the smoothing parameter(s),
(iii) user friendly software, since the models are gen-
erally non-trivial to code from scratch. These things
have come to pass for some models, but for some of
the more recent methods, user-friendly software is not
(yet) available. There are still many interesting open
theoretical and practical problems for the research-
minded - particularly related to variable and model
selection in very large, complex data sets, and effi-
cient code development. However, we hope we have
shown that model building with RKHS has the flexi-
bility and generality to handle a very wide variety of
statistical data analysis problems, and have given the
interested user ideas on how to begin doing this.
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